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Abstract. In this paper, we give the rigidity theorem for a log morphism as 
an extension of a fixed scheme morphism. We also give several applications of 
the rigidity theorem. 
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Introduction 

In the paper "W , we proved Kato's conjecture, that is, the finiteness of dominant 
rational maps in the category of log schemes as a generalization of Kobayashi- 
Ochiai theorem. It guarantees the finiteness of iiT-rational points of a certain kind 
of log smooth schemes for a big function field K, which gives rise to an evidence 
for Lang's conjecture. In the proof of the above theorem, the most essential part is 
the rigidity theorem of log morphisms. In this paper, we would like to generalize it 
to a semistable scheme over an arbitrary noetherian scheme. 

Let / : X ^ S' be a scheme of finite type over a locally noetherian scheme S. 
We assume that f : X ^ S is a. semistable scheme over S, that is, / is fiat and, for 
any morphism Spec(ri) — > S with Q an algebraic closed field, the completion of the 
local ring of X X5 Spec(il) at every closed point is isomorphic to a ring of the type 

niXi,...,x4/{Xi---Xi). 

Let g : Y ^ S he another semistable scheme over S, and let (j) : X ^ Y he a 
morphism over S. Let Mx, My and Ms be fine log structures on X, Y and S 
respectively. We assume that {X,Mx) and {Y,My) are log smooth and integral 
over {S, Ms) and 4> is admissible with respect to My /Ms, that is, for all s € S" and 
any irreducible components V of the geometric fiber X^ over s, 

4>-s{V) % Supp(My,/M,-), 
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where My, = My\y^, Mg = Ms\g and 

Supp(My,/Mj) = {yeYg\MgX - ^ MY,,y is not surjective}. 

Then, the following theorem is one of the main results of this paper. 

Theorem A (Rigidity theorem). // we have log morphisms 

(</., h) : {X, Mx) ^ {Y, My) and {cj>, h') : {X, Mx) ^ {Y, My) 

over {S, Ms) as extensions of (j) : X ^Y, then h = h'. 

As corollary of the rigidity theorem, we have the following descent theorem for 
log morphisms: 

Theorem B. (1) (Descent for a faithfully flat base change) Let ir : S' ^ S be 
a faithfully flat and quasi-compact morphism of locally noetherian schemes. Let 
X' = X Xs S', Y' = Y Xs S' and <p' = (p Xg ids', o,nd let us set the induced 
morphisms as follows: 

X X' Y Y' 



f 



g 



f 

S S' S S' 

If there is a log morphism 

{cj,',h') : {X',TT*x{Mx)) ^ {Y',n*y{MY)) 
over {S' ,'K*{Ms)), then it descends to a log m,orphism 

{^,h):{X,Mx)^{Y,MY) 

over iS,Ms). 

(2) (Descent for the smooth topology) Let 

{wi : Xi X}i^T and {jij : Yj Yjj^zj 

be families of smooth morphisms such that X = [J^^j TTi(Xi) and Y = Ujej t'-jO^j)- 
We assume that, for each i £ I, there are j & J and a morphism : X^ ^ Yj such 
that the diagram 



Xi - 






•1 






X 


4> 


> Y 



is commutative and extends to a log morphism 

{ct>i,hi) : {Xi,n*{Mx)) - {Yj , {My)) . 
Then, there is a log morphism 

{ct>,h):{X,Mx)^{Y,MY) 
as an extension of <p : X ^ Y with the following diagram commutative: 

{Xi,n*{Mx)) {Yj,t^*{MY)) 



(7ri,nat) 



,nat) 



{X,Mx) {Y,My), 
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where nat is the natural homomorphism. 

For the proofs of Theorem 1X1 and Theorem IbI our starting point is the following 
local structure theorem, which asserts the local description of integral and smooth 
log morphisms of semistable schemes. 

Theorem C (Local structure theorem). Let {f,h) : {X,Mx) {S,Ms) be a 
smooth and integral morphism of fine log schemes. Let x he an element of X and 
s — f{x). We assume that f : X S is semistable at x, i.e., f is flat at x and, 
for any morphism rj : Spec(r2) S with D, an algebraic closed field and 77(0) — s, 
the completion of the local ring of X Xs Spec(r2) at every closed point lying over x 
is isomorphic to a ring of the type 

niXi,...,x4/{Xi---Xi). 

Then, we have the following for each case: 

I. /// is smooth at x, then Mx.s — Ms,s x for some non-negative integer 
a. 

II. If f is not smooth at x and : Mg g — > Mx,x splits, then M x.x — 
M s.s X N , where N is the monoid arising from monomials of 

Z[Ui,U2,...,Ua]/{U!-Ul) 

for some a > 2. 

III. /// is not smooth at x and h^ '. M s.s —> Mx.s does not split, then M x.x has 
the unique semistable structure {a, Qq, A, B) over Ms,s for some a C Mx.s 
with #(cr) > 2, qo G Jls^s and A, B e W. 

Based on the local structure theorem, the proof of the rigidity theorem is carried 
out as follows: Clearly we may assume that S — Spec(^) for some noetherian local 
ring (A, m). First, we establish the theorem in the case where A is an algebraically 
closed field. This was proved actually in the previous paper 0. Next, by induction 
on n, we see that the assertion holds for the case S — Spec(A/m"). Finally, 
using the KruU intersection theorem, we can conclude its proof. As an application, 
we give a criterion for the extension of a scheme morphism to the log morphism 
(cf . Theorem 16.111 . Besides them, we show the following extension problem of 
automorphisms to the central fiber, which is a generalization of the result in 1^. 

Theorem D. Let {A, tA) be a discrete valuation ring. Let f : X ^ Spec (A) 
and f : X' ^ Spec(j4) be proper and generically smooth semistable schemes over 
Spec{A), and let B and B' be horizontal effective Cartier divisors on X and X' 
respectively. Let (/) : X X' be a birational map over Spec (A) such that it is an 
isomorphism on the generic fibers Xrj and X[^ and that (j)*(B'^) = i?^. We assume 
that {X, B) and (X', B') are of log canonical type {for the definition of log canonical 
type, see ^ '>\J .2\ and that ojx/a + B and ux' /a + B' are ample with respect to f and 
f. Then (j) extends to an isomorphism. 

In §1, we give the definition of semistable schemes and show their several prop- 
erties. In §2, we recall several facts concerning log schemes and prove the local 
structure theorem. §3 contains the proof of the rigidity theorem. In §4, we consider 
a descent problem for log schemes. §5 contains the explicit form of the determinant 
of the sheaf of log 1-forms. In §6, we consider a criterion for the extension of a 
scheme morphism to the log morphism. Finally, in §7, the extension problem of 
automorphisms to the central fiber are considered. 
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Conventions and terminology. Here we will fix several conventions and termi- 
nology for this paper. 

1. Throughout this paper, a ring means a commutative ring with the unity. 

2. In this paper, the logarithmic structures of schemes means the sense of J.-M 
Fontaine, L. lUusie, and K. Kato. For the details, we refer to [S]. For a log structure 
Mx on a scheme X, we denote the quotient Mx/O^ by Mx- 

3. Let X be a scheme and F a sheaf in the etale topology. For a point x € X, 
the germ of at a; with respect to the Zariski topology (resp. the etale topology) 
is denoted by (resp. F^)- 

4. Throughout this paper, a monoid is a commutative monoid with the unity. The 
binary operation of a monoid is often written additively. We say a monoid P is 
finitely generated if there are pi, . . . ,pn such that P = Npi + • • • + Npr- Moreover, 
P is said to be integral ifx + z = y + z for x,y, z G P, then x = y. An integral 
and finitely generated monoid is said to be fine. We say P is sharp if x + y = for 
x,y £ P, then x = y = 0. For a sharp monoid P, an element a; of P is said to be 
irreducible if x — y + z for y, z e P, then either ?; = or z = 0. A homomorphism 
f : Q ^ P oi monoids is said to be integral if f{q) + p = f{q') + p' for p,p' £ P 
and q,q' £ Q, then there are 91,92 £ Q and p" £ P such that q + qi = q' + 92, 
P = fill) +p" and p' — f{q2) + p" ■ Note that an integral homomorphism of sharp 
monoids is injective. Moreover, we say an injective homomorphism f : Q ^ P 
splits if there is a submonoid TV of P with P = f{Q) x N. 

5. Let X be a set. We denote the set of all maps X ^ N by N^. For T £ , 
Supp(T) is given hy {x £ X \ T{x) > 0}. Moreover, for T,T' £ N^, 

r < T' 44 T{x) < T'{x) Mx £ X. 
In the case where X = {1, . . . , n}, N'^ is sometimes denoted by N". 

6. Let M be a monoid, X a finite subset of M and T £ . For simplicity, 
J2x(£x'^i^)^ is often denoted hy T ■ X. If we use the product symbol for the 
binary operation of the monoid M, then Jlxex x'^'"^^ is written by X^ . Moreover, 
if X = {Xi, Xn} and / £ N", then I ■ X and X^ means Y.7=i and 
Y\^^i xl'^^^ respectively according to a way of the binary operator of M. 

7. Let A be a ring and R be either the ring of polynomials of rt-variables over 
or the ring of formal power series of rt- variables over A, that is, R ~ ^[-^i, . . . , Xn\ 
or AlXi, Xn]. For / £ N", we denote the monomial x/^^^ • • • by X^. 

8. Let {A,m) be a local ring. The hcnsclization of A and the completion of A 
with respect to m are denoted by A'* and A respectively. 
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1. Semistable schemes over a scheme 

1.1. Algebraic preliminaries. Here we consider several lemmas which will be 
used later. Let us begin with the following lemma. 

Lemma 1.1.1. Let f : (A, m^) — > (-B,ms) be a local homomorphism of noetherian 
local rings such that f induces an isomorphism AjwiA B/niB- 

(1) Let xi,. . . ,Xn be generator of vtib, that is, tub = Bxi + • • • + Bxn- If 
(BjIUb) is complete, then 

B= Yl /(^K^ 

oi>0,...,o„>0 

(2) Let xi, . . . ,Xn be elements of uib with m.B = Bxi + • • • + Bxn + ttiaB. If 
{AjTUa) and {B,mB) are complete, then 

b= y1 /(^k^ 

oi>0,...,o„>0 

Proof. (1) First, we claim the following: 
Claim 1.1.1.1. 



m-.C Yl fiA)xr---xl-+mi+' 



ai>0^...,an^O 
cnH \-an=d 



for all d>0. 



We prove this claim by induction on d. Since A/niA — B/m.B, we have B = 
f{A) +mB, which means that the assertion holds for = 0. Thus, 

ms = if {A) + mB)xi H h {f{A) + m,B)xn 

C/(A)xi + --- + /(A)x„+m|, 

which show that the assertion holds for d = 1, so that we assume d > 2. By the 
hypothesis of induction, 

rriB = TUB ■ fnB~^ 



C (f{A)xi + --- + f{A)xn+m 



B ■ 



Y f{A)xt---xi" 



a[>0,...,a'^>0 
\ai-i i-a^— d— 1 J 

C J2 f{A)xr---xl-+mi+' 

ai>0,...,a„>0 

aiH ho-n—d 

Hence, wc get the claim. 

In order to complete the proof of the lemma, it is sufficient to see the following 
claim: 

Claim 1.1.1.2. For all b G B, there is a sequence {6d}d?=o ^/-^ ^'^^^ ^^^^ 

ba€ Y mxT---xi- 

ai>0,...,a«>0 
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and 

6 - (60 + • • • + fed) e m^+i 

for all d>0. 

Since B = f{A) + ms, we can set 6 — 60 + c with 60 € /(^) a-nd c € m^. We 
assume that 6oj ■ • • j are given. Then, by Claim IT. 1 . 1 . II again. 

b-{bo + --- + bd-i)^bd + c', 
where bd G J2ai>o,....a„>o fiA)xi^ ■••2;^" and c' € 'm-'s^^- Therefore, we get the 

aiH ha?!— d 

second claim. 

(2) Let us choose yi, e ^ with rriA — yiA + ■ • • + UrA. Then, 

ms = xiB + • • • + XnB + J{yi)B + ■■■ + f{yr)B. 

Note that 

xr--- K-fivif' ■ ■ ■ fiydf" - fivl' ■ ■ ■ y'i)xr 

Therefore, since (A, m^) is complete, 



f{A)xl^---xl-f{y,f^---f{ydf 

E f(Ay\^---vf) 



ai>0,...,a„>0 
bi>0,...,f)r>0 



ai>0,...,a„>0 \ f)i>0,...,6,->0 



E 

ai>0,...,a„>0 



ai 



Thus, (2) is a consequence of (1). 

Next let us consider the following lemma. 



Lemma 1.1.2. Let {A,m) be a noetherian local ring andT G N"'\{(0, . . . ,0)}. Let 
G e toIXi,...,X„], R = AlXi,...,X„]/(X^-G) andn: AIXi,...,X„l ^ R 
the canonical homomorphism. Then, we have the following: 

(1) Let AI be an A-submodule of AlXi, . . . , Xnj given by 

M = i E '^i^' \ai eA 

If {A, ni) is complete, then nlj^j : M R is bijective. 

(2) AfXi, . . .,X4/{X^ ~ G) is flat over A. 

Proof. (1) We denote Tr(Xi) by Xi. First, we claim the following: 

Claim 1.1.2.1. For f £ R, there is a sequence {i^nj^o *^ ^'^ such that Fn+i~Fn G 
to"|Xi, . . . , Xnj and f - 7r(F„) e TO"i? for all n. 

We will construct a sequence {^li}^o inductively. Clearly, we may set Fq = 0. 
We assume that Fq, Fi, . . . , F^ have been constructed. Then, we can set /— 7r(F„) = 
tt{H) + x'^tt{H') for some H,H' G m"|Xi, . . . ,X„] with H € M. Here, x'^tt{H') = 
■k{G)t:{II') £ rn^^^R. Thus, if we set Fn+i = Fn + H, then we get our desired 

Fn+l- 
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The above claim shows that 7r|^^ is surjective. Next, let us consider the injec- 
tivity of 7r|^j. We assume 

TT I ajX^ ] = 0. 

Then, there is H € AfXi, X„] with 

J2 aiX^ = {X^ - G)H. 

Here we set 

G = ^ giX^ and H = hjX' . 
Then, gj d m for all / and 

Y a,X^ = Y h,X-^' - E f E 9jhj) X'. 

T^i /eN" /eN" \j+j'=i J 

On the left hand side of the above equation, there is no term of a form X^^^ . Thus, 

hi= E 5.7^,7' 
.7+/'=/+T 

for all /. Here we claim that hi S m" for all n and all /. We see this fact by 
induction n. First of all, since gi S m for all /, we have hj G m for all /. We 
assume that hj S m" for all /. Then, by the above equation, we can see that 
hi € m""^^. By this claim, hj must be zero for all / because C\n>a^" ~ 
Therefore, a/ = for all /. 

(2) If {A, m) is complete, then the assertion follows from (1) by Chase's theorem 
In general, let A be the completion of A and 

i?'-l|Xi,...,X„]/(X^-G). 
Then, we have the following commutative diagram: 

R — ^ R' 



f 



f 



A — ^ A. 

Note that /', h and h' are faithfully flat. Thus, so is /. □ 

Remark 1.1.3. Let A be a ring and . . . , X„] the polynomial ring of n- 

variables over A. Then, in the same way as in Lemma 11.1.21 we can see that 
R = A[Xi,. . . , Xr,]/[X^ - a) is fiat over A for T e N" \ {(0, . . . , 0)} and a G A. 
Indeed, if we set 

M = J E«/^'e^[^i.---.^«] 

[t5£/ 

then the natural homomorphism it : M —t R is bijective. The surjectivity of tt is 
obvious. We assume that an element ^ ajX^ of M is zero in R. Then, 

YaiX' = {X^ ~~a)YhjX-' 
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for some Y.jbjX^ e A[Xi,...,Xn]. Thus, 6,7 = abj+T for all J. Therefore, 
bj = a"^bj+mT for all m > 0. On the other hand, since ^ j bjX'^ £ A[Xi, . . . , X„], 
bj+mT = if m ^ 0. Hence bj ~ for all J. 

Here we consider an approximation by an etale neighborhood. 

Proposition 1.1.4. Let {A,mA) be a noetherian local ring essentially of finite 
type over an excellent discrete valuation ring or a field. Let f : X ^ Spec(^) be a 
scheme oj finite type over A. Let x be a point of X such that f{x) — rriA and A/mA 
is isomorphic to Ox,x/'>tix,x- We assume that there are Fi, . . . , Fr G ^[-'^i, ■ • • , Xn] 
{the polynomial ring of n-variables over A) and an isomorphism 

cj) : llXi, . . . ,X„]/(Fi, ...,Fr)^ dx^x 

over A with (t>{Xi) G fhx.x for all i, where Xi — Xi mod [Fi, . . . , Fj.). Then, there 
is an etale neighborhood (U,x') of X at x together with an etale morphism 

p:U^ Spec(A[Ti, . . . , r„]/(Fi(T), . . . , Fr{T))) 

such that p{x') = {mA,Ti, . . . ,Tn), where % — Ti mod {Fi{T), . . . ,Fr{T)). 

Proof. First note that 

. . . , 0(x„)) = • • • = i^.(</)(Xi), . . . , (/.(XO) = 0. 

Thus, by Artin's approximation theorem fl], there are ti, . . . , t„ G 0\ ^ such that 

. . . , <„) — ■ ■ ■ — Fr{ti, . . . , tn) — 
and ti — ct>{Xi) G for all i. Here we claim the following: 

Claim 1.1.4.1. 

= (j>{Xi)Ox,x H h HXn)Ox.x + mAOx,x 

= tiOx,x H h tnOx,x + 'mAOx,x- 

Clearly, 

13 (f){Xi)Ox,x H 1- (t>{Xn)Ox,x + rnAOx,x- 

Conversely, let us pick up / G fhx,x- Then, we can write / = 'Y^j aiX^ . If 
^(o,...,o) G then / must be a unit because / G a(o,...,o) + ff^x.x- This is a 
contradiction. Thus, a(o,...,o) G "mA, which means that 

/ G c^{Xi)dx^x + • • • + <l}{Xn)dx,x + mAdx,x- 
Since ti — 4>{Xi) G m\ ^, we can see that 

■mx,x = tiOx.x H 1- tnOx,x + mAOx,x + fh\^^. 

Hence, by Nakayama's lemma, we have our desired result. 

Let us choose an etale neighborhood {U,x') of X at a; with the same residue 
fields such that ii, . . . , i„ are defined over U. Here let us define a homomorphism 

V : A[Ti, . . . , T„]/(fi(T), . . . , Fr{T)) ^ Ou,x' 

to be i^iTi) = ti for all i. By the above claim, we can see 

^p~^imu,x') = {mA.fi, . . .,?„). 

Thus, it is sufficient to show that ?/; is etale. Let 

/X : A[Ti, . . . ,T„l/(Fi, . . . , F,) A[X^,. . . ,X„l/(Fi, . . . , i^,) 
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be a homomorphism given by the composition of homomorphisms 

A\Ti,...,T4/{F^,...,Fr)^du^^' =dx,x^A{Xi,...,X4l{Fi,...,Fr). 

By the above claim and Lemma 11.1. II /i is surjective. Hence, by the following 
Lemma ll. 1.51 it must be an isomorphism. Therefore, so is ?/'• This means that ip is 
etale because x' and (m^, 7i, . . . , r„) have the same residue field. □ 

Finally, we consider the following two lemmas concerning the bijectivity of ring 
homomorphisms . 

Lemma 1.1.5. Let <j) : A ^ A be an endomorphism of a noetherian ring. If <j) is 
surjective, then 4> is injective. 

Proof. We set /„ = Ker(0") for n > 1. Since cj) is surjective, we can see that 
0(-^ri+i) = Fi for all n > 1. Moreover, there is > 1 such that In+i = In because 
A is noetherian and /„ C Fi+i for all n > 1. Therefore, 

Ker((/)) = /i = 0^(/jv+i) = <I>^{In) = {0}. 

□ 

Lemma 1.1.6. Let 

(C, mc) ^ [B, uib) 




{A,mA) 

be a commutative diagram of local homomorphisms of noetherian local rings. We 
assume that f and g are flat, h is surjective and that h induces an isomorphism 
C/mAC > B/mAB. Then, h is an isomorphism. 

Proof. Let / be the kernel of h. Then, we have an exact sequence 

Here B and C are flat over A. Thus, so is / over A. Therefore, tensoring A/niA 
with the above exact sequence, it gives rise to an exact sequence 

^ I/mAl C/uiaC B/mAB 0. 

Here C/mAC B/mAB is an isomorphism. Thus, / — mAl- We assume that 
I 0. Then, mc G Supp(/) as C-modules. Thus, / is faithfully flat over A by 
[HI Theorem 7.3]. Hence, by Theorem 7.2], / ^ mAl, which is a contradiction. 
Therefore, / = 0. □ 

1.2. Semistable varieties over an algebraically closed field. Let k be an 

algebraically closed flcld and X an algebraic scheme over k. A closed point x oi X 
is called a semistable point of X if the completion of the local ring at x is isomorphic 
to a ring of type 

kiXi,...,x4/{Xi---Xi). 

The number / is called the multiplicity of X at x, and is denoted by m\iltx{X). 
Moreover, we say X is a semistable variety over k if every closed point is a semistable 
point. By the following Proposition II . 2 . ll the set of all semistable points of X is 
a Zariski open set. Thus, we say a point a; of X {x is not necessarily closed) is a 
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semistable point if there is a Zariski open set U oi X such that x ^ U and every 
closed point of [/ is a semistable point. Let 51 be an algebraically closed field such 
that A; is a subfield of fi. Note that if X is a semistable variety over fc, then so is 
Xn = X Xgp(3(,(fc) Spec(il) over Vl (cf. Proposition II. 2. 21) . 

Proposition 1.2.1. Let X he an algebraic scheme over an algebraically closed field 
k. If X is a semistable closed point of X, then there is a Zariski open set U of X 
such that X U and every closed point of U is a semistable point. 

Proof. By Proposition II . 1 .41 there are an etale neighborhood {U,x') of x and 
an etale morphism 

p:U^ Spec{k[Ti, . . . ,T„]/(Ti • --Ti)) 

with p{x') = (0, . . . , 0). Note that Spec(fc[Ti, . . . , r„]/(ri • • • T/)) is a semistable 
variety over k. Thus, so is U over k. Therefore, every closed point of tt{U) is a 
semistable point. □ 



Proposition 1.2.2. Let X be an algebraic scheme over an algebraically closed 
field k. Let il be an algebraically closed field such that k is a subfield of fl. Let 
n : Xq = X Xgpcc.(fe) Spec(r2) X be the canonical morphism. For a point y € X^i, 
if X — T:{y) is a semistable point, then so is y. 

Proof. Let U be an open set of X containing x such that every closed point of 
U is a semistable point. 

First we assume that y is a closed point. Let us choose a closed point o S {x}r\U. 
By using Proposition II . 1 .41 and shrinking U around o if necessarily, there are etale 
morphisms 

f:V^U and g : V ^ W ^ Spec{k[Xi, . . . ,Xn]/iXi- ■ ■ Xi)) 

of algebraic schemes over k and closed points a' E V and o" e W such that /(o') = o 
and g{o') = o" = (0, . . . , 0). Since x eU, o e {x} n U and / is faithfully flat at a', 
we can find x' V with f{x') = x and o' G {a;'}. Here we set 

Un = U xspoc(fc) Spec(fl), 
< Vn = V xspoc(fe) Spec(17), 
Wn = Spec{n[Xi, . . . , X„]/(Xi • • • X,)) 

and the induced morphisms Vh — * Uq and Vji Wfi are denoted by fa and gn 
respectively. Then, y G Uq. Let y : Spec(r2) — > Uq be the morphism induced by 
y. Let k{x) and k(x') be the residue fields of y, x and x' respectively. Then, 

there is an embedding t : k{x') ^ over k such that the following diagram is 
commutative: 
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This gives rise to a morphism /3 : Spec(il) Vn such that the diagram 

fn f 

Spec{n) Un U 

V 

is commutative and the image of tt' o /3 is x' . Let y' be the image of p. Then, 
/n(j/') = y- Note that fn and gQ are etale and the residue fields of y, y' and 
y" = gn{y') are Vl. Thus, we can see that 

We set y" — (ai, . . . , a„) G A"(ri) and I = {i \ a.i = and i — I, . . . ,1}. Note that 
/ 7^ 0. Therefore, if we set Zi = Xi — ai and Z = Hie/ then it is easy to see 
that 

dwn,y"=^lZl,---,Z.4/{Z). 

Thus, we get our lemma in the case where y is a closed point. 

Next we consider a general case. We set Un — tt^^{U). Then, by the previous 
observation, every closed point of Un is a semistable point. On the other hand, 
y € Un- Thus, y is a semistable point. □ 

1.3. Semistable schemes. Let S' be a locally noetherian scheme and f : X S 
a morphism of finite type. First we assume that S = Spec(A:) for some field k. Let 
k be the algebraic closure of k, X' = X Xspec(k) Spec(fc), and tt : X' ^ X the 
canonical morphism. A point x of X is called a semistable point of X if every point 
x' of X' with tt{x') = X is a semistable point. 

For a general S, we say f : X S is semistable at x Cz X if f is flat at x 
and x is a semistable point of the fiber f~^{f{x)) passing through x. Moreover, 
we say X is a semistable scheme over 5 if / is semistable at all points of X. By 
Proposition II . 2 . 2l for a fiat morphism f : X ^ S, X is a. semistable scheme over 
S if and only if, for any algebraically closed field fi, any morphism Spec(J7) — > S 
and any closed point x' G X Xs Spec(17), the completion of the local ring at x' is 
isomorphic to a ring of type 

niXi,...,x4/{Xi---Xi). 

We say a semistable scheme X over S is proper if X is proper over S. Moreover, a 
proper semistable scheme X over S is said to be connected if f^,{Ox) = Os- The 
following proposition is a local description of semistable scheme. 

Proposition 1.3.1. Let f : [A,mA) — > {B,mB) be a flat local homomorphism 
of noetherian local rings such that f is essentially of finite type and f induces an 
isomorphism A/ruA — > B/nis- We assume that there is an isomorphism 

(A/toa)ITi, . . . ,T„l/(Ti ■■■Ti)^ B/ruAB 

over A/mA- Then, there are a local homomorphism g : (A, m^i) {C,mc) of 
noetherian local rings and F € C with the following properties: 

(1) g is essentially of finite type and smooth over A, and g induces an isomor- 
phism A/mA C/mc- 
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(2) There are xi, . . . ,Xn € C such that dxi, . . . , dxn form a free basis of ^Ic/A 
and F — xi ■ ■ ■ xi G ruAC . 

(3) There is a local etale hom,omorphism p . B ^ C / FC over A. 
In particular, we have an isomorphism 

A[Xi,...,X4l{X^---Xi-G)^B 

over A for some G G itiaIXi, . . . , 

Proof. li I = 1, then B is smooth over A. Thus, if we set C as the locaUzation 
of -B[X] at the maximal ideal {X,mB), then we get our desired result, so that we 
assume that I >2. 

We set k = A/niA- Since B is essentially of finite type over A, there are a 
polynomial ring A[Zi, . . . , ^at], a maximal ideal M of A[Zi, . . . , Zn] and an ideal 
/ of k[Zi, Zn\m such that A[Zx, Zn]/M = k and B = A[Zi, Zn]m/I- 
By abuse of notation, we denote MA[Zi, . . . , Zn]m by M. 

Let us begin with the following claim: 

Claim 1.3.1.1. There are a local A-algebra {D,m]j), a surjcctive local homomor- 
phism 4> : D ^ B and an element Fq of Dq = D/ruAD such that D is essentially 
of finite type and smooth over A, and that the kernel of Dq Bq = B/tuaB is 
FqDo. 

We set 

E = A[Zi, . . . , Zn]m, 

Eq = A[Zi, . . . , Zn]m/itiaA[Zi, . . . , Zn]m = k[Z\, . . . , Zn]mo, 

where Mq is the maximal ideal of k[Zi, . . . , Z^] corresponding to M. As before, 
we also denote Mok[Zi, . . . , Z]\f]Mo by Mq. Let p : E Eq he the canonical 
surjcctive homomorphism. Let Iq be the ideals of Eq given by Iq = p{I). Then, 
Eq/Mq = k and Bq = Eq/Iq. Let ui, . . . ,un be a system of parameters of Eq. 
Since Bq ~ fc|Ti, . . . , T„]/(ri • • • T;), Mo/{M^ + Iq) has the dimension n over k. 
Therefore, after renumbering Ui, . . . ,Un, we may assume that Ui, . . . , gives rise 
to a basis of Mq/{Mq + 7o). Thus, for i > n, there are an, ... , Gin € Eq such that 

Ui - (anui H h ai„u„) G + Iq. 

Therefore, we can find gi € Mq and hi € Iq with hi = Ui — {anUi + • • • + ai„Un) +gi. 
Let us choose that Ui, . . . ,Un & E and Hn+i, . . . , Hn e / such that p{Ui) = Ui and 
p{Hj) = hj {i = 1, . . . ,n and j = n+1, . . . ,N). Here we consider a homomorphism 

p : E^ ^E/A 

given by 

_ idUi if 1 < i < n 
'^^^''~\dHi iin + l<i<N, 

where {ei,...,eAr} is the standard basis of E^ . Since 

dui, . . . , dun, dhn+i, . . . , dhN 

form a basis of ^Eo/k = ^e/a ®a k, by using Nakayama's lemma, we can see that p 
is surjcctive. Hence p is an isomorphism because fls/A is a free i^-module of rank 

N. Therefore, 

dUi , dUn, dHn+i , dHisr 
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form a free basis of flE/A- Here we set 

D = E/{Hn+u ...,Hn) and Do - D/uiaD - Eo/iK+i, . . . , /i„) 

Then, by the previous observation, D is smooth over A (cf. 3, Chaper VII, 
Theorem 5.7]), and Dq is regular and dimDo = n- On the other hand, since 
dimSo = n - 1 and Dq is UFD, there is Fq e Dq with Bq = Dq/FqDo- 

Let and be the maximal ideals of Dq and Bq respectively. Let <f>o ■ 
Dq Bo be the natural homomorphism, and let (j)Q : Dq Bq and (po : Dq ^ Bq 
be the induced homoniorphisms. 

Claim 1.3.1.2. There are ti,. . . ,tn G Dq such that (/'□(ii ■ ■ - ti) —0 and ii, . . . 

are a system of parameters of Dq . 

Let us consider the factorization of Fq in Dq. Note that 

Dq/FqDq = Bq~ fciTi, . . . ,r„l/(ri • • -t,). 

Thus, we can see that there is a system of parameters t'^, . . . , i'^ of Dq with Fq — 
ut'i ■ ■ -t'l for some u £ Dq . In particular, Fq e C m|,^ . Note that Bq = 

Dq/FqD^ and Bq = Dq/FqDq (cf. [EGA IV, 18.6.8]). Since ^o(i'i) ■ ■ • M^'i) = 0, 
using Artin's approximation theorem [J for Bq and Bq , we can find ti, . . . , t„ G _Bq 
such that ti- ■ - ti = and 00(^0 — U & '^Bq^o for i = 1, . . . ,n. Let us choose 
ti, . . . ,tn with (/iq (<i) = f,; for i = 1, . . . , n. Then, 

t',-t,e tuI^Dq + FqDq C ml^Do 

for all i. Therefore, ti, . . . ,tn form a system of parameters of Dq and 4>Q{ti ■ ■ -ti) — 
ti • • • = 0. 

Let IT : B ^ Bq, tt' : D ^ Dq and </) : D — > B be the natural surjective 
homomorphisms. These induce the following commutative diagram: 





<P 


> B^ 


•4 














TT 








^0 


Vo 


> B 


h 
• 



Let us choose xi, . . . , a;„ G Z?'* with tt' (xi) = for alH = 1, . . . , ti. Since 

^''(0''(xi...a;O) = O, 
(t)^{xi ■ ■ ■ xi) G tuaB^. Thus, there is G G uiaD^ such that 

<j>''{xi---xi-G) = 0. 

Claim 1.3.1.3. A surjective homomorphism D''' / {xi ■ ■ ■ xi — G)D^ —t B^ is an 
isomorphism. 

For this purpose, it is sufficient to see that D/{xi---Xi — G)D ^ i? is an 
isomorphism. By using Lemma ll. 1.11 there is a surjective homomorphism 

Ai:l|Xi,...,X„1^5 

defined by ^{Xi) — Xi ior i = \, . . . ,n. Let us choose 

G' £mA[Xi,...,X4 
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with ijl{G') = G. Then, by Lemma [1.1.21 Lemma [1.1.51 and Lemma [1.1.61 a homo- 
morphism 

AlX^,...,X^l/{X^---Xi~G')^B 
given by the composition of homomorphisms 

AIX^, . . . ,X4/{X^ - ■ ■ Xi - G') ^ D/{x^ - ■ ■ XI ^ G)D ^ B 

is an isomorphism. Therefore, so is D / [xi • • • a;; — G)D — s- B. 

By the above claim, Ker(0)D^ = {xi ■ ■ ■ xi — G)D^. We choose a local etale neigh- 
borhood (D, tod) (C, TOc) of Spec(D) such that D/mo — C jmc-, Ti, . . . , T„, G € 
C and Ker(0)C = (xi • • • a;; - G)C. Then, 

B = D®B (I?/Ker(</>)) -> C(g)_D (i:>/Ker(0)) = Cjix^ ■ ■ ■ xi - G)C 

is etale. Moreover, we can see that dxi, . . . , dx^ form a free basis of ^c/A in 
same way as before because dti, . . . , dt„ are a basis of rip^/j,, where Cg = G jmji^C . 

□ 



2. Preliminaries to log schemes 



2.1. Pushout in the category of monoids. In the following, every monoid is a 
commutative monoid with the unity. Let f : Q ^ P and g : Q Rhe homomor- 
phisms of monoids. Then, P fflg R is defined as follows: We define a relation ^ on 
P X i? by 

(p,r) ~ (p',r') {p,r) ■ {f{q),g{q')) = {p',r') ■ {f{q'),g{q)) for some q,q' € Q. 

Then, is an equivalence relation on P x R. Indeed, if (p, r) ^ (p' , r') and (p', r') ~ 
(p", r"), then there are gi , (72 , 93 , 94 G Q with 

f(p,r).(/(gi), 5(92)) = (p',r')-(/fe), 5(91)), 
\{p'y) ■ (/(93),5(94)) = (p",r") . (/(94),5(93)). 

Thus, 

(P,'') • (/(91 93), 5(9294)) = (p",?-") • (7(9294), 5(91 93))- 

Hence we set 

P fflg i? = P X P/- . 
The following are elementary properties of P fflg P. 

Lemma 2.1.1. (1) P fflg R is a monoid in the natural way and we have a 
commutative diagram: 

^ 9 



f 



R 

Pfflo P. 



(2) Let 



R 



/3' 
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be a commutative diagram of monoids. We set 5^a'of = (3'og. We 
assume that in ■ S{q) = m' ■ S{q) implies m = m! for any m,m' & M and 
q G Q. Then, there is the unique homomorphism 7 : P fflg R ^ M such 
that the following diagram is commutative: 




M 



(3) // one of P.Q.B. is a group, then P Sq R is the pushout of {f : Q ^ P, g : 
Q ^ R) in the category of monoids. 

(4) // P and R are integral, then so is P fflg R. Moreover, P fflg R has the 
following universality: In the commutative diagram in (2), if M is integral, 
then there is the unique homomorphism 7 : P EBg R M with a' = 7 o a 
and = 7 o /?. Namely, P fflg R is the pushout of {f : Q ^ P, g : Q ^ R) 
in the category of integral monoids. 

(5) Let h : R^ S be another homomorphism of monoids. We assume that an 
equation s ■ h{r) = s' ■ h{r) for s,s' G S and r G R implies s = s' . Then, 
there is a natural isomorphism 

P fflg 5 ^ (P fflg R) Wr S. 

Proof. (1) We denote the class of {p, r) by [p, r]. It is easy to see that if {p, r) ~ 
(p',r') and {s,t) ~ (s',i'). then {p,r) ■ (s,t) ~ {p',r') ■ (s',<')- Thus, the product of 
Pfflgi? is given by [p, r]-[p', r'] = \pp',rr']. Moreover, a{p) = \p, 1] and /3(r) = [l,r]. 

(2) The uniqueness of 7 is obvious. We would like to define 7 to be 

7([p,r])=a'(p)-/3'(r). 
For this purpose, we assume that [p, r] = [p', r'], that is, there are q,q' & Q with 
{P,r)-{f{q),9{q')) = {p'y).{f{q%g{q)). 

Thus, 

{a'(p) ■ S{q)) ■ iP'ir) ■ S{q')) = {a'ip') ■ S{q')) ■ (/3'(r') • S{q)). 
Therefore, a'{p) ■ I3'{r) = a'{p') ■ /J'(r'). 

(3) We need to show that m • 5{q) = m' ■ 5{q) implies m = m'. If Q is a group, 
then there is q~^ € Q. Thus, m = m'. Next we assume that P is a group. Then, 
there is f{q)~^ € P. Thus, m ■ a'{f{q)) = m' ■ a'{f{q)) implies m = m' . If R is 
a group, then we have our assertion in the same way as in the case where P is a 
group. 

(4) We assume [p, r] ■ [s, t] = [p' , r'] ■ [s, t]. Then, there arc q,q' £ Q with 

{ps,rt) ■ (/((?), = ip's,r't) ■ {f{q'),g{q)). 

Here P and R are integral. Thus, 

{P,r)-{f{q),g{q')) = {p'y)-{f{q'),g{q)). 
Thus, \p,r] = \p',r']. The later part is a consequence of (2) 
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(5) Here we define 

: P fflg 5 ^ (P fflg i?) fflj^ 5 

to be 4>{p, s) = [[p, 1], s]. This is well-defined. For, if (p, s) ^ [p' , s'), then there are 
91,92 G Q with {p,s) ■ {f{qi),h{g{q2)) = {p' , s') ■ {f{q2),h{g{qi)). Thus, 

• {Pi9iq,)),h{g{q2))) = ([p, • (a(/(<Zi)), /^(sfe))) 

= ([p/(qi),l],sM.9fe))) 

= {[p'f{q2)A],s'h{g{q,))) 

= ([pM],.')-(a(/fe)),Mff('Zi))) 

= ([pM],s')-(/3(gfe)),M.9(9i)))- 

Moreover, since {[p,r],s) {[p,l], h{r)s), cf) is surjective. Finally, we assume that 
4>{p,s) — 4>{p',s'). Then, there are ri,r2 £ R such that (p, ri) ~ {p',r2) and 
sft,(r2) = s'/i(ri). Thus, there are 91,92 with pf{qi) = p'/(92) and rig{q2) = 
r2g{qi). Hence 

sh{g{q2))h{ri) = sh{g{qi))h{r2) = s'h{g{qi))h{ri), 

which implies that sh{g{q2)) = s'h[g{qi)) by our assumption. Therefore, [p,s\ = 
{p',s'\. □ 

2.2. Semistable structure of monoids. First, let us recall a semistable structure 
of a monoid. For details, see 6 . Here, the binary operators of monoids are written 
in the additive way. Let / : Q ^ P be an integral homomorphism of fine and sharp 
monoids. Let cr be a finite subset of P. For T G N'^ = Map(cr, N), we denote an 
element Yl,xi^a T(x)x of P by T • cr. For qo € Q and A, P e N'', we say P has a 
semistable structure (cr, go, A,P) over Q (or P is of semistable type (cr, go. A, P) 
over Q) if the following conditions are satisfied: 

(51) 90 ^ 0, Supp(A) ^ and A(x) is either or 1 for all a; G cr. 

(52) P is generated by cr and f{Q) and the natural homomorphism N"' P 
given by T i-^- T • cr is injective. 

(53) Supp(A) n Supp(P) = and A • cr = /(go) + P • cr. 

(54) If we have a relation 

T -a = f{q)+T' - a (T^T'eN") 
with g 7^ 0, then T{x) > for all x e Supp(A). 
The following are basic properties of a semistable structure (cf. |S1 Proposition 2.2]): 

(A) Let T, r e N'^ and g G g. If T • cr = /(g) + T' • cr, g 7^ and Supp(r) n 
Supp(T') = 0, then g — nq^, T = nA and T' — nB for some n G N. 

(B) Let T, T G N"" and q,q' eQ. If T • cr + /(g) ^ T' ■ a + f{q') and there are 
X, x' G Supp(A) with T{x) = T'(x') = 0, then T = T' and g = g'. 

(C) Let N ^ Q X N'^\Supp(A) ^ _^ i^Supp(A) homomorphisms given by 
1 ^ ifiqo), 5U\supp(A)) and 1 k-^ Ajg^pp^^^ respectively. Then, 

P~{Q-K N'^\Supp(A)>) p5}Supp(A)_ 

Let us begin with the following lemma. 

Lemma 2.2.2. Let f : Q ^ P be an integral homomorphism of fine and sharp 
monoids. We assume that P has a semistable structure (cr, go,A,P) over Q for 
some cr C P, go G Q and A, P G N*^. Then, the following are equivalent. 
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(1) f : Q ^ P does not split, that is, there is no sub-monoid N of P with 



(3) For all x G a, x is irreducible and x ^ f{Q)- 

Proof. (1) => (2): Wc assume #(Supp(A)) = 1. Wo set Supp(A) = {p} and 
cr' = a \ {p}. Then, since p = /(go) + B • a, P is generated by a' and f{Q). Let 

be a sub-monoid of P generated by cr'. Let us see that P = f{Q) x N. For this 
purpose, it is sufficient to see that if I-a + f{q} — I' -cr + fiq') with I{p) = I'{p) = 0, 
then 1 = 1' and q = q'. This is nothing more than the above property (B). 

(2) =J> (3): Let x be an element of a. First of all, let us see that if x = I-(J-\-f{q) 
for some 7 e N*^ and q & Q, then I = and q = 0, where & N'^ is given by 



Indeed, if g = 0, then / = I^- Thus, we assume that q 0. If x ^ Supp(/), 
then, by the property (A), /j, = nA for some n £ N. This is impossible because 
#(Supp(A)) > 2. Thus, X e Supp(/). Therefore, we have (/ - 4) • cr + f{q) = 0. 
Here P is sharp. Hence I = Ix and q = 0. This is a contradiction. 

We assume that x £ f{Q)- Then, there is q £ Q with x = f{q). Thus, by the 
above claim, we have a contradiction. 

Next we assume that a; = y + z for some y,z G P. We set y = I ■ a + f{q) and 
z = r-a + f{q'). Then, x = {I + r)-a + f{q + q'). Thus, 4 = / + /' andq + q' = 0. 
Therefore, we can see either y = or z = 0. 

(3) (1): We assume that there is a sub-monoid N of P with P = f{Q) x N. 
First, let us see that a C N. For a; e cr, we can set a; = y + 2: for some y G fiQ) 
and z G N. Since x is irreducible, either y = ov z = 0. If = 0, then x e f{Q)- 
Thus, y = 0, that is, x G N. Let us consider the relation 



A • C7 = f{qo) +B-a. 
Then, since a C N,we have A ■ a = B ■ a and qo = 0. This is a contradiction. □ 



Let us consider the uniqueness of a semistable structure. 

Proposition 2.2.3. Let f : Q ^ P be an integral homomorphism of fine and sharp 

monoids. Then, we have the following: 

(1) We assume that P has semistable structures 



over Q for some a, a' C P, go, go G Q, A,B G and A',B' G W' . If 
a = a' , then go = gg, A = A' and B = B'. 

(2) We assume that f : Q ^ P does not split. Then, there is the unique 

semistable .structure of P over Q if it exists. 

Proof. (1) Note that Supp(A') n Supp(S') = 0. Thus, by the property (B), 



implies that A' = nA, B' = nB and q^ = nqo for some n € N. Considering 
A' = nA, we can see n = 1. 



P^f{Q)xN. 
(2) #(Supp(A)) > 2. 




1 if y = a;, 
otherwise. 



(a,go,A,B) and (a', g^. A', B') 



A' -a^ f{cQ + B' -a 
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(2) By Lemma [2.2.21 for all x E a, x is irreducible and x ^ f{Q)- Moreover, 
since P is generated by a and f{Q), we can see that a is the set of all irreducible 
elements of P not lying in f{Q). Therefore, (1) implies (2). □ 

The above proposition gives rise to the following definition. 

Definition 2.2.4. Let / : Q ^ P be an integral homomorphism of fine and sharp 
monoids such that f : Q P does not split. We assume that P has the semistable 
structure {<7,qQ, A, B) over Q. Then, qo is called the marking of f :Q ^ P, and is 
denoted by mark(P/Q). 

Here we consider the invariance of the marking of the semistable structure by a 
generalization. 

Proposition 2.2.5. Let f : Q —t P he a homomorphism of fine and sharp monoids. 
Let N be a sub-monoid of P and P = P/N the quotient monoid of P by N, i.e., P 
is the quotient set given by the following equivalence relation ~; 

p ^ p' p + n — p' + n' (3n, n' € N) . 

Let n : P P be the natural homomorphism and f = no f : Q ^ P the composition 
of maps. We assume that (i) P is fine and .sharp, (ii) / and f are integral and 
that (iii) P has a semistable structure {a, qo, A, B) over Q for some <J P, qo & Q 
and A, B E N"'. // we set a' = {x G a \ 'it{x) ^ 0} and a — 7r(cr'), then the 
natural map a : a' —> a induced by tt is bijective. Moreover, if we set A — Ao a^^ 
and B = B o a^^ as elements of N"^ , then {a,qo,A,B) gives rise to a semistable 
structure of P over Q. 

Proof. First of aU, note that N C n-^{0). We set a" ^ {x e a \ ^{x) = 0}. 

Claim 2.2.5.1. 7r^^(0) is generated by a" . 

Let N' be the sub-monoid generated by a" . Clearly, A^' C 7r^^(0). Conversely, 
let a be an element of tt^^ (0). We can write a as a form T ■ (t + f(q), where T E N'^ 
and q E Q. Then, X^ajgo- ^(^)^(^) + fil) ~ 0- Thus, since P is sharp, we have 
T{x)Tr{x) = for all a; G cr and f{q) = 0. Therefore, g = and a; e cr" if T{x) > 0. 
This means that c E N' . 

Claim 2.2.5.2. // 7r(a) = 7r(6) for a — X^^ecr' ^-^^ ^''^^ ^ — 'l2xea' of P, then 
a = b. 

We choose A,BeW such that A-a = a, B ■ a = b and Supp(^), Supp(i3) C cr'. 
Then, by using the above claim, there are T and T' of N'^ with Supp(r), Supp(T') C 
a" and A ■ a + T ■ a = B ■ a + T' ■ a. Thus, A + T = B + T'. For x E a', 

A{x) = A{x) + T{x) = B{x) + T'{x) = B{x). 

Therefore, A = B. 

By the above claim, we can see a : ct' ^ tr is bijective. From now on, let us see 
that P is of semistable type (ct, qo, A, B) over Q according to the conditions (SI) - 
(S4) of semistable structure. 

(SI): We need to see Supp(A) ^ 0. We assume the contrary. Then, 7r(x) = 
for aU x E Supp(A). Thus, 

= /(9o) + B{x)n{x). 
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Here P is sharp and / is integral. Therefore, we have go — 0. This is a contradiction. 

(52) : Let us consider a natural commutative diagram: 

W' — N* 

— oa 

1 1 

p p 

Then, Claim implies that N"^ P is injective. 

(53) : This is obvious in our case. 

(54) : Finally, let us consider a relation 

f-a^f{q)+f'-a (T,T"eN*) 

with q^O. We choose T, T' £ W such that Supp(T), Supp(r') C a' , T ^ T o a'^ 
and f' = T' o a-i. Then, 7r(r • a) = n{f{q) + T ■ a). Thus, there are S, S' e W 
such that Supp(S'),Supp(S") C a" and 

T-(7 + S-(y = f{q) +T-(7 + S' -a. 

Therefore, (T + S){x) > for all x e Supp(A). In particular, 

T{x) = (T + S){x) > 

for aU X e Supp(A) n a'. This means that T{x) > for all x G Supp(A). □ 

Finally, we consider the following proposition. 

Proposition 2.2.6. Let f : Q P be an integral homomorphism of fine and sharp 
monoids. If P has a semistable structure for some a C P. go G Q- A,_B G , then 
Coker(QS'' — > ps^) is torsion free. 

Proof. First of all, note that every element of P can be written as a form 
I ■ cr + fiq) with / G W, q & Q and Supp(A) ^ Supp(/). Let us choose x G 
Cokev{Q^^ ps''") with nx = for some positive integer n. Then, there are 
Ii,l2 G N"^, qi,q2 G Q such that Supp(A) % Supp(/i), Supp(A) % Supp(J2) and x 
is equal to 

(/i-a + /(gi))-(/2-<7 + /(g2)) 
as an element of P^^ . Since nx = in Coker(Q3^ P^^), there are qs, 94 G Q with 

nih ■ o + /(gi)) - n{h ■ o + /(ga)) - /(ga) - /(g*)- 

Thus, 

n/i • (T + /(ngi + q^ = 71/2 • a + /(ng2 + gs). 

Therefore, nli = n/2 because Supp(A) ^ Supp(n/i) and Supp(A) ^ Supp(r;,/2). 
Hence Ii — Thus, 

x = (/i . a + /(gi)) - (/2 • a + /(g2)) = /(gi) - /(g2), 

which means that a; = in Coker(g9'' -> P^"'). □ 
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2.3. Extension of a ring for a good chart. Here we consider a ring extension 
to get a good chart. 

Proposition 2.3.1. Let {A,m) be a noetherian local ring, S — Spec{A) a,nd s 
the closed point of S . Let Ms he a fine log structure on S . Then, there is a local 
homomorphism f : {A,m) of noetherian local rings with the following 

properties: 

(1) B/n is algebraic over A/m, and f is flat and, quasi-finite. 

(2) Let f : S' = Spec(i?) ^ S = Spec{A) be the induced homomorphism, 
s' the closed point of S' = Spec(B), and Mg' = {f'^)*{Ms). There are a 
fine and sharp monoid Q and a homomorphism ttq : Q — > Mg'^s' such that 

Q Ms'.s' Ms'.s' is bijective. 

Proof. Let us begin with the following lemma: 

Lemma 2.3.2. Let G be a finitely generated abelian group and R a ring. Let us 
fix an element 6 o/ Ext^(G, -R^). Then, there are ui,...,ui G and integers 
ai, . . . ,ai > 2 with the following property: 

(1) ai • • • a; is equal to the order of the torsion part of G. 

(2) For any homomorphism f : R ^ S of rings, if there are Vi,...,vi with 

= f{ui) for all i, then the image of S via the canonical homomorphism 

Ext^(G,ii^) ^Ext^(G,S'^) 

is zero. 

Proof. By the fundamental theorem of abelian groups, we have the following 
exact sequence: 

> 1} — ^ J}' > G > 0, 

where (j) is given by (/)(a;i, . . . , x;) = (aiXi, . . . , a;a;;, 0, . . . , 0) for some integers 
ai,...,a; > 2. Note that a\---ai is equal to the order of the torsion part of 
G. The above exact sequence gives rise to an exact sequence 

Hom(Z'',i?x) -^-^ Hom(Z',i?x) — ^ Ext^(G,i?^) ^ Ext^(Z'', iJ^). 

Note that Ext\Z'',i?^) = {0}. Thus, there is h e Hom(Z',i?><) with aR{h) = 6. 
We set Ui = h{ei) for « = 1, . . . , Z. 

Let / : i? — > /S be any homomorphism of rings with v^' = f{ui) {i = 1, . . . ,1) for 
some Vi, . . . ,vi G S. Let us consider the following commutative diagram: 

Hom(Z'',i?x) Hom(Z',i?><) — ^ Ext^ (G,i?^) > 
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Hom(Z',S'^) Hom(Z',S'><) Ext^CS"^) > 

Note that g2{h){ei) = f{ui) for ?; = 1, . . . , /. Thus, if wc set h' G Hom(Z'', S'^) by 

ifz = !,....! 
if i > / 



h'{ei) = 



then (f)*s{h') = 52 (/i)- Therefore, 

9s{5) = gsianih)) = as{g2ih)) = as{<l>*s{h')) = 0. 
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□ 

Let us start the proof of Proposition 12.3.11 Let 5 G Ext'^(Mf g,Ogg) be the 
extension class of 

o^oig^Mi:g^M';^g^o. 

Then, by Lemma 12.3.21 there are ui, . . . , u; £ Og g and integers ai, . . . , a; with the 
properties as in Lemma [2. 3. 21 Let us choose an etale neighborhood {U, u) of s such 
that ui, . . . ,ui G O^^. Let B be the localization of 

at a closed point over u. Then, B is flat and quasi-finite over A. Let Vi be the 
class of Xi in B. Note that vf' = Ui in B for all i. Let s' be the closed point of 
S' — Spec(i3), TT : S' ^ S the canonical morphism, and Afs' = 7r*(A/s). Then, we 
have an exact sequence 

o^o|,,,^Af|r,,^M|:,,->o. 

Since Mg^ g, is the push-out Cg, g, x^^x -^I's' '^^ '^^'^ ^^^^ ^%,s' = -^s\s ^^id 
the extension class 5' of the above exact sequence is the image of the canonical 
homomorphism Ext^(Mf^g, O^ ^) Ext^(M|'^,j, , ,-,)• Thus, by Lemma 
6' = 0. Therefore, we have a sphtting s : M% g, M^'^ g, of M^'^ g, 'M%, g,. Here 
we set Q — Ms',s'- Let us see that s{q) £ Ms'.s' for all q & Q. Indeed, if we denote 
M|r J, 'M% g, by TT, then 7r(s(g)) = q. Thus, there are u e O^, and m € Ms/^j/ 
with s{q) — m ■ u, which implies s{q) G Mgi gi. Moreover, Q Ms',s' Ms>,s' 
is the identity map. Furthermore, changing S" by an etale neighborhood of 5", we 
can see that Q Ms\s is defined on 5". □ 

2.4. Local structure theorem. Let a : Mx — > Ox be a log structure on a scheme 
X . For a; e X, an element p G Mx,x is said to be regular if there is m G Mx.x 
such that p is TO modulo ^ and a (to) is a regular element of Ox,x- Note that 
the regularity of p does not depend on the choice of to. 

Theorem 2.4.1. Let {f,h) : {X,Mx) {S,Ms) be a smooth and integral mor- 
phism of fine log schemes. Let x he an element of X and s — f{x). We assume 
that f : X —f S is semistable at x. Then, we have the following: 

(1) /// is smooth at x, then there is a submonoid N of M x.x such that Mx.x = 
hx{M s.s) X X and N is isomorphic to N° for some non-negative integer a. 
Further, every element of N is regular. 

(2) // / is not smooth at x and hx : Ms,s M x,x splits, there is a submonoid 
N of Mx,x such that Mx.x — hx{Ms.s) x N and N is isomorphic to the 
monoid arising from monomials of 

'L[Ui,U2....,Ua]/[Ul-Ul) 

for some a > 2. In this case, the characteristic of the residue field of Ox,x 
is not equal to 2. Further, every element of N is regular. 

(3) /// is not smooth at x and hg '. M s.s Mx.x does not .split, then M x,x has 
the unique semistable structure (ct, go, A, B) over M s,s for some a C Mx.x 
with 4t^{a) > 2, qo G Ms^s and A,B £ N'^. More precisely, a is the set 
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of all irreducible elements of Mx.x not lying in hx{Ms,s)- Further, every 
element o/(T\Supp(A) is regular. 

Proof. Let us begin with the foUowing lemma. 

Lemma 2.4.2. Let f : X Y be a morphism of schemes and My a fine log 
structure on Y . If we set Mx = f*{MY), then, for any x G X and y € Y with 
y = f{x), the induced homomorphism My.y M x,x is bijective. 

Proof. Let P be a chart of My.y- Then, My.y and Mx,x is given by 

P/7r-i(0^_-) and P/tt'-^O^J 

respectively, where tt : P — )■ Oy.y is the canonical morphism and tt' : P — )■ Oy.y 
Ox,x (cf. and 0). Thus, it is sufficient to see that T:-^{Oy y) = 7r'"^(C'^ j). 
Indeed, letting rUx and ruy be the maximal ideals of Ox,x and Oy^y, and a : Oy^y —> 
Ox,x be the canonical homomorphism, 

p e ^-^(O?,,) <=^ nip) e O^,, ^ ainip)) G O^,, ^pe n'-\0l,) 

because Oi{my) C rux and alOyy) Q ^x x- ^ 

Let us go back to the proof of Theorem 12.4.11 Let us consider the geometric 
fiber Xg over s. Then, by using Lemma [2. 4. 21 we may assume that S — Spec(/c) for 
some algebraically closed field k. Thus, the theorem follows from 6, Theorem 3.1] 
except the following facts: 

(i) N is isomorphic to the monoid T arising from monomials of 

Z[C/i,C/2,...,C/a]/(C/NC/2') 

in the case (2). 

(ii) The regularity of elements of either N or (j\ Supp(A). 

(i) Let Tj; be the the monoid arising from monomials of 

k[Ui,U2,...,Ua]/iU!~U^). 

In order to see (i), we need to show the natural homomorphism T — > Tk is bijec- 
tive. Let t7j^^C7|^ • • • C7^" and C/^^^C/I^ • • • Ua" be elements of T. Clearly, we may 

assume that ei,e[ € {0, 1}. We suppose that U^^U^^ ■ ■ ■ C7^" = U'^^U2^ ■ ■ ■ Ua" in 
k[Ui,U2, . . . , Ua]/{U^ - C/|). Then, there is € k[Ui, . . . .Ua] with 

c/r f/|^ • • • u'," - uf'u^'' ■ ■ ■ u:'- = (C/f - u^. 

Comparing the degrees with respect to Ui of both sides, we can see that = 0. 
Therefore, (d, . . . , Ca) = (e^, . . . , e'J. 

(ii) Let {Os,s,ms,s) {A,m) be a flat local homomorphism of local rings. We 
set >S" = Spec(A), X' = X x s S' and the induced morphisms as follows: 

X' — ^ X 

/' / 

S' — ^ s. 

Let us choose x' £ X' with f'{x') = m and 7r'(a;') = x. Then, since Ox,x ^ Ox'.x' 
is faithfully flat, using Lemma 4. 21 if regularity holds at x' , then so does at x. 
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Let k be the algebraic closure of the residue field at x. Note that by virtue of 
[EGA III, Chapter 0, 10.3.1], there are a noetherian local ring {A,m) and a local 
homomorphism {Os,ST'ms,s) {A,m) such that ms^sA = m, A/m is isomorphic 
to k over Os.s/'nis,s and that A is flat over Os.s- Therefore, we may assume 
that Os,sl'ms.s is algebraically closed and x is a closed point. Moreover, by using 
Proposition 12 . 3 .11 we may further assume that there are a fine and sharp monoid 
Q and a homomorphism ttq : Q — > Ms^s such that Q Ms.s Ms^g is bijective. 
Hence, there is a fine and sharp monoids P together with homomorphisms f Q ^ 
P and TTp : P ^ Mx,s such that the following properties are satisfied: 

(a) The diagram 

Q P 

Ms^-s > Mx,x, 

is commutative. 

(b) The induced homomorphism P Mx,x ~^ M x,x is bijective. 

(c) The natural homomorphism 

Os-s®osAQ\ OsAP]^Ox.rs 

is smooth. 

Since Os,s ®Os s[Q\ ^S,s\P] — > Ox.s is smooth, it is sufficient to see the regularity 
of each element in Os.s ®Os s[Q] ^s,s[P]- 

If there is a submonoid N oi P with P = f{Q) x A^, then 

Thus, the assertions follow from Lemma [2. 4. 31 below. 

Next, we assume that f : Q ^ P does not splits. Let us set a = {pi, . . . ,pr} such 
that Supp(A) = {pi, . . . ,pi}. Moreover, we set Xi = a{iTp{pi)) and t — /3(7rQ(go)), 
where a : Mx Ox and (3 : Ms^g Os,g are the canonical homomorphisms. 
Then, 

Os,g ®OsAQ] ^sAP] = OsAXi, . . . , Xr]/iXi ---Xi- txf[\' ■ ■ ■ X^/'), 

where hi — B(pi) and xt is the class of Xi. Thus, the assertions follow from 
Lemma [2.4.31 below. □ 

Lemma 2.4.3. Let A he a ring. Then, we have the following: 

(1) Let A[X] be the polynomial ring of one variable over A. For a regular 
element a E A, X is regular in A[X]/[X'^ — a), that is, the multiplication 
of X in A[X]/{X'^ — a) is injective. 

(2) We assume A is a local ring with the maximal ideal m. Let A[Xi, . . . , Xi] 
be the polynomial ring of l-variables over A. For a G to, let us consider 
a ring R given by R — A[Xi, . . . , Xi]/{Xi ■ ■ ■ Xi — a). If a is a regular 
element of A, then so is a in R. 

Proof. (1) We assume that Xf{X) ^ {X^ - a)g{X) for some f{X),g{X) e 
A[X]. We set g{X) = Xh{X) + c for some h{X) € A[X] and c e A. Then, 

ca ^ X{h{X){X^ -a) + cX - f{X)). 
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Thus, ca = 0. Since a is regular, c must be zero. Therefore, 

Xf{X)^X{X^-a)hiX), 

which imphes f{X) ~ (X^ — a)h{X) because X is regular in 

(2) Let R be the completion with respect to (to, Xi, . . . , X„). Since R ^ R is 
faithfully flat, it is sufficient to see the homomorphism a : R R given by the 
multiplication of a is injective. Note that R is the direct products of many copies 
of A by Lemma Fl. 1.21 Thus, a is injective. □ 

2.5. The support of log structures. Here we consider the support of log struc- 
tures. The main result of this subsection is the following proposition: 

Proposition 2.5.1. Let X be a scheme and let M and N be fine log structures on 
X. Let h : N ^ M be a homomorphism of log structures, i.e., a homomorphism of 
.sheaves of monoids with the following diagram commutative: 

N 




Ox 

Then, the set {x G X \ '. — > Mj is surjective} is open. 

Proof. It is sufficient to show that if : — > Afg is surjective, then there 
is an etale neighborhood U oi x such that, for all y E U, hy : Ny — > My is 
surjective. By virtue of (2.8)], for a suitable etale neighborhood U of x, there are 
finitely generated monoids P and Q together with homomorphisms tt : P ^ M\jj, 
pL : Q ^ N\jj and f : Q ^ P such that tt and fj, give rise to local charts of AI and 
N respectively and the diagram 



P 



is commutative. Let {pi, . . . ,pn} and {qi, . . . ,qr} he generators of P and Q respec- 
tively. Renumbering pi, . . . ,p„ and qi, . . . ,qr, we may assume that 

|7r(pi), . . . ,7r(p„0 e 7r(p„,+i), . . . , 7r(p„) ^ 

\^i{ql),...,^l{qr') e O^^j, Ai(gw+i ),•••, Ai(gr) ^C^.s- 

Let Pq and Qo be submonoids of P and Q generated by pi , . . . , pn' and 51 , . . . , g^' 
respectively. Here let us see the following: 

Claim 2.5.1.1. tt^ = Pq and ^^^(O^^,) = Qq. 

Clearly, Pq C tt^^O^ J. Conversely, we assume that w e 7rjr^(0^ j). We set 
w = p1' •••P^". Then, 

7T{w)^n{p,r^---TT{p^r- eol,. 

Therefore, if Oi > 0, then 7r(pi) G ^. Hence, = for all i > n', which means 
that vu & Pq. In the same way, we can see that p^^{0^ ^) — Qq. 
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Claim 2.5.1.2. Fory Cz U, hy : Ny —^ My is surjective if and only ifhy : Ny My 
is surjective. 

Clearly, if hy : Ny — > My is surjective, then so is hy : Ny ~f My. Conversely, we 
assume that hy : Ny — > My is surjective. Let m be an element of My. Then, there 
is n € Ny such that m = hy{n) mod ^, i.e., m = uhy{n) for some u € C'xy- 
Thus, m — uhy{n) = hy[un). 

Shrinking U if necessarily, we may assume that 

7r(pi), . . . ,7r(p„/) e J, and ^(gi ),..., ^(g.^) G O^j, 

for dl\ y €U . Here let us see that hy : Ny My is surjective for all y £ U, which 
is equivalent to show that hy : Ng My is surjective by Claim IT5. 1.21 Note that 
the commutative diagram 



P 



Ny My 



gives rise to the commutative diagram 



Ny ^ My 

such that the vertical homomorphisms are bijective (cf. and [B]). Therefore, it 
is sufficient to see that 

is surjective. Note that Qo C fJ-g^iOxy) and Pq C ng^{Ox y)- Thus, we get the 
following commutative diagram: 

Q/Qo > P/Po 

I I 

Here, by Claim [T5.1.1l Q/Qo ^ P/Po is surjective because Nx Ms is surjective. 
Hence, so is Q/^i^ H^^.s) ^ P/^g\0-^x.y)- ° 

Corollary 2.5.2. Let X be a scheme and M a fine log structure on X . Then, the 
set Supp(A/) — {x £ X \ Mx is not trivial} is closed. 

Proof. There is a natural homomorphism —t M . Thus, this is a consequence 
of the above proposition. □ 

Corollary 2.5.3. Let X and Y be schemes and let M and N be fine log structures 
on X and Y respectively. Let (/, h) : {X, M) {Y, N) be a log morphism. Then, 
the set 

Supp(M/iV) ^{x £ X \ N-j^ X Ox^x ^ ™^ surjective} 

is closed. 
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Proof. Note that the surjectivity of x ^ — > A% is equivalent to the 

sujectivity of f*{N)x ~> M^. Thus, it foUows from Proposition 12 . 5 . l1 □ 

3. Rigidity theorem 

First, we would like to define the admissibility of morphisms. Let k be an 
algebraically closed field, and let (p : X ^ Y he a. morphism of algebraic schemes 
over k. Let Z be a subscheme of X. We say 4> is admissible with respect to Z if, 
for any irreducible component X' of X, 4>{X') (f. Z. 

Let My and be fine log structures of Y and Spec(A:) respectively, and 
let (F, My) (Spec(fc),Mfc) be a log morphism. Then, as in CoroUarv 12.5.31 
Supp(Afy/Af/j) is given by 

{y e F I Mfc X Oyy — > My^y is not surjective}. 

We say </> : X ^ F is admissible with respect to My /M^. \i (f) : X ^Y is admissible 
with respect to Supp(My/Affe). 

In general, let X ^ S and F ^ S' be schemes of finite type over a locally 
noetherian scheme 5*, and let My and Ms be fine log structures of Y and S. Let 
(j) : X ^ Y he a, morphism over S. For a point s € S, we say cj) : X Y is 
admissible over s with respect to My /Ms, if 0s : Xg Is is admissible with 
respect to (MY|y_)/(Ms|j), where Xg and Yg are the geometric fibers of X and Y 
over s. li (p : X Y is admissible over any points of S with respect to My /Ms, 
then is said to be admissible with respect to My/Ms- 

The following theorem is one of the main theorems of this paper. 

Theorem 3.1. Let X, Y and S he locally noetherian schemes, and let Mx, My 
and Ms he fine log structures of X , Y and S respectively. Let {X, Mx) ^ {S, Ms) 
and {Y,My) {S,Ms) he integral and log smooth morphisms, and let (j): X ^Y 
he a morphism over S. Let us fix a point s € S. We assume that the geometric 
fibers Xg and Yg over s are semistahle varieties and that (p : X Y is admissible 
over s with respect to My /Ms . If 

(0, h) : {X, Mx) ^ {Y, My) and (0, h') : {X, Mx) -> {Y, My) 

are extensions of (j) : X ^ Y as log morphisms over {S,Ms), then, for all closed 
points X lying over s, = h'^ as homomorphisms Af^-^^ Mx,x of the germs 
of etale topology. 

Proof. Since this is a local problem, we may assume that S = Spec (A) for a 
noetherian local ring {A,m). Let p : {A,m) — > {B,n) he a local homomorphism of 
local rings such that B /n is algebraic over A/m. We denote the closed point of S by 
s and the closed point of S' ^ Spec(B) by s' . We set X' ^ X y. s S' ,Y' ^Y y. s S' , 
M'x = 7r^(Mx), My, = TTpiMy), and Mg- = 7r5(A/s), where nx : X' ^ X, 
TTy :Y'^Y and its ■ S' S are the canonical morphisms. 

X' X 



Then, we have log morphisms 

{<Ps',hs'),{cj>s',h's>) ■■ iX',Mx') ^ iY',My,) 
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over {S\Ms')- 

Claim 3.1.1. If p is flat and ft.s',s' — h'g, for all closed points x' lying over s' , 
then hx = h'^ for all closed points x lying over s. 

Let us choose a closed point x E X over s. Then, there is a G X' such that 
T^x{x') = X and x' is lying over s'. If we set y = 4>(x) and y' = 4>s'{x'), then 
TTyiy') = y- Here we consider the natural commutative diagram: 

K '»S',x'='''s',x' 

Mx,x 

By Lemma 12. 4 .21 MY,y — > MY',y' and Mx.s Mx',x' are bijective. Thus, wc can 
see that hx = h'x- Let us pick up w € MY,y- Then, since hx = h'^, there is u G ^ 
with hxiw) = hx{w) ■ u. Here hs'.x' = h'g, Thus, u must be 1 in Ox'.s'- Note 
that Ox'.x' is flat over Ox.x- Therefore, u is the identity in Ox,x- 

Let / be an ideal of A with P = {0}, and B = A/I . Next we consider a case 
where p is given by the natural homomorphism A —t B. 

Claim 3.1.2. We assume that k = A/m is algebraically closed and there are a 
fine and sharp monoid Q and a homomorphism ttq : Q —^ Ms,s such that Q — > 
Mg g Ms.s is bijective. If hs'.s' — h'g, ^, for all closed points x' lying over s' , 
then hx = h'^ for all closed points x lying over s. 

Let X be a closed point of X lying over s, and y = 4){x). First of all, by 6 , there 
are finite and sharp monoids P and P' and homomorphisms P Mx.x, Q ^ P, 
P' — > My^y, Q P' with the following properties: 

(1) The induced homomorphisms P Mx.s ~> Mx,x and P' MY,y ^ MY,y 
are bijective. 

(2) The following diagrams are commutative: 

Q — ^ P Q P' 



Msrs > Mx,x, Ms,-s > MY,y. 

(3) There are etale neighborhoods {U,x') and (V,y') of x and y such that 
P Mx,x and P' My.y are defined over U and V respectively, and that 
the natural morphisms 

U '^Svec{A®A[Q]A[P]) and F Spec(A (g)A[Q'] A[P']) 
are smooth at x' and y' respectively. 
Clearly we may assume that P, P' and Q are submonoids of Afx,s, My.y and Ms^s 
respectively. Moreover, by Lemma 13.31 below, the admissibility of (ps guarantees 
that for any irreducible components T oi Ug, (f>s{T) % Supp(My^/Mfc), where Us 
and Vs are fibers of ?7 — > 5* and F — > 5 over s. 

Let (7 (resp. a') be the set of all irreducible elements of P not lying in /(Q) (resp. 
the set of all irreducible elements of P' not lying in f'{Q)). For j E a and i E a' , we 
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denote a{j) by xj and a'{i) by yi, where a : Mx.s — * Ox,x and a' : My^y — > Oy.y 
are the canonical homomorphisms. Moreover, Xj\jj and yi\y are denoted by xjs 
and yis respectively. Let us consider h and h' on the geometric fibers Xg and Yg 
over s. Using Lemma f2. 4 .21 and Theorem 4.1], = h'^ as P' — * P. Thus, we 
can set as follows: 

(3.L3) h{i)^u,-ih-a + f{q,)) and h' {i) ^ u'^ ■ {h ■ a + fig,)), 

where qi £ Q, li £ W and Ui, u[ G 2- Then, we have 

(3.L4) = nP{q^)) ■ x'^ ■ = r{f3{q^)) ■ x'^ ■ u[, 

where (3 : Ms.s — Os.s is the canonical honiomorphism. Here we consider the 
following cases: 

(A) f -.Q ^ P sphts and f':Q^P' sphts. 

(B) f -.Q ^ P does not split and f':Q^ P' sphts. 

(C) f -.Q ^ P sphts and f : Q ^ P' does not split. 

(D) f : Q ^ P docs not split and f':Q^P' does not split. 

(Case A): In this case, there are submonoids N and N' of P and P' respectively 
such that P = f{Q) x iV and P' ^ f'{Q) x iV'. Note that cr and cr' are nothing 
more than the set of all irreducible elements of N and N' respectively. Then, by 
the local structure theorem, 

Supp(AfyjAffe) =. [j{y,s=0}. 

around y on y^. Thus, using the admissibility of 4>s, (f'tiUis) 7^ 0. Hence, we can 
see that qi ~ Q for all i E <t' . Therefore, 

for all i (z a' . Here, Xj's are regular elements. Therefore, Ui — u[ for all i £ a' . 

(Case B): In this case, there is a submonoid N' of P' such that P' — f'{Q) x N'. 
Moreover, P is of semistable type 

(a,(Zo,A,B) 

over Q for some qo & Q and A, B £ N°'. By the local structure theorem, 

Supp(AfyjMfe) = [j{y,, = 0} 

around y on Yg. Thus, by the admissibility of 0s 4i*s{yis) 7^ 0, which implies that 
(ji = for all i £ a' . Hence, 

for all i £ a' . By virtue of the admissibility of 0s again, we can see that Supp(/i) n 
Supp(A) — 0. Thus, x^''s are regular elements. Therefore, Ui = u'^ for all i £ a' . 

(Case C): In this case, there is a submonoid N oi P with P — f{Q) x N. P' is 
of semistable type 

{<j',q',,A\B') 
over Q for some q'„ £ Q and A' , B' £ W' . Note that 

Supp(MyjA/fe) = Sing(ys) U y {y,s - 0}. 

i6cr'\Supp(A') 
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around y on Ys- 

Let us see that if (l>*s{yis) 7^ for some i G a', then m = u'^. Indeed, we have 
qi = 0. Thus, 

X^' ■ Ui = X^' ■ 

for all i G a'. Here, x^'^s are regular elements. Hence, Wj = u'^. 

Therefore, we may assume that there is i G cr' with (j)*[yis) = 0. Then, by the 
admissibility of there is io such that (pKyis) 7^ for all i G a' \ {io}- Note that 
io e Supp(A'). Then, Ui = u^ for all i G a' \ {io}. Let us consider a relation 

Then, we have 

EieSupp(A') Ki) = fil'o) + Eiesupp(s') B'(i)h{i) 

EieSupp(AO = m + EieSuMB') 

Here h{i) = h'{i) for all i ^ io. Thus, we can see that h{io) = h'{io). 

(Case D): In the final case, P and P' are of semistable type 

{a,qo,A,B) and [a' , A' , B') 

over Q for some go,?o G Q: A,B G and A',B' G W' . For j G Supp(A) and 
i G Supp(A'), let Ujs and Vis be the irreducible components of Us and given by 
Xjs = and y,s = respectively. By the admissibility of (j)s, for each j G Supp(A), 
there is a unique i G Supp(A') with <l)s{Ujs) C Vis. This i is denoted by Note 
that 

Supp(Mv3 /Mfc) = Sing(n) U y {Vis = 0} 

ie<T'\Supp(A') 

around y on Ys. Therefore, Hi ^ mO)) then <p*{yi)\u- 7^ Thus, we can see qi = 
for i 

First of all, let us see that qi = and Ui = u\ for all i G a' \ Supp(A'). By the 
previous observation, = 0. Thus, 

By using the admissibility of 0s, we can see that Supp(/i) n Supp(A) — 0. Thus, 
x^* is a regular element. Therefore, Ui = u-. 

Here, we consider the case where /x(Supp(A)) = {io}. Then, for i ^ io, qi = 0. 
Thus, 

By virtue of the admissibility of 4>s, Supp(/i)nSupp(A) = 0. Hence, x^^ is a regular 
element. Therefore, Ui = u^. Let us consider a relation 

A' -a' = f{q'^) + B' -a'. 

Then, we have 

E.eSupp(A') h{^) = fWo) + E,6Supp(B0 
EieSupp(A') /^'(O = fWo) + EieSupp(B') B'{i)h'{i) 

Since h{i) = h'{i) for all i 7^ io, we can see that h{io) = h'{io). 

Finally, let us consider the case where #/i(Supp(A)) > 2. In this case, qi = 
for all iG a'. Thus, 
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By our assumption, m = u[ mod IOx,x- Note that Xj (j ^ Supp(A)) is regular. 
Thus, if we set I[ = /^ls^,pp(A) G N^^pp^^), then 

A' . . — . ' 

for all i £ Supp(A'). Moreover, by the admissibility of (ps, Supp(/j')nSupp(/-,) = 
for all i ^ i' . Further, let us consider a relation 

A' -a' = f'{q',) + B' -a'. 

Since h{i) = h'{i) for all a' \ Supp(A'), we have 

ieSupp(A') iGSupp(A') 

Thus, n,;eSupp(A') ^» = n»eSupp(A') "^ ^^^re we set v, = u,/u[ for i G Supp(A). 
Then, gathering the above observations, we have seen that 

(x^i — x^i ■ Vi for all i G Supp(A'), 
Vi = l mod IOx,x for all i G Supp(A'), 

nieSupp(A') = f ' 

^Supp(/0 n Supp(4) = for all i ^ i' . 

Since A®^q-^ ^[^] ^ is smooth, ^<8)a[q] A\P ^ N'^] — > Oy^^' is etale for some 
e > 0. Let o be the origin of Spec(A ®a{q\ ^[-P ^ N"^]). Then, the residue field of 
A ®A\Q\ A\P X W'\ at o is fc. Moreover, the residue fields of Ojj x' and Ojcx are fc 
because A; is algebraically closed. Therefore, the completion of A ®a{q\ A\P x N*^] 
at o is isomorphic to the completion of Ox.x- Thus, by Lemma l3 . 41 below . — 1, 
that is, Ui — u[ for all i. 

Let k = A/m and k the algebraic closure of k. By virtue of [EGA III, Chapter 0, 
10.3.1], there are a noetherian local ring [B, n) and a local homomorphism A ^ B 
such that mB — n, B/n is isomorphic to k over k = A/m and that B is flat 
over A. Thus, by Claim 1^.1. II we may assume that the residue field k = A/m is 
algebraically closed. Moreover, by Proposition 12 . 3 .11 we may further assume that 
there are a find and sharp monoid Q and a homomorphism ttq : Q Ms.s such 
that Q Ms\s Ms,s is bijective. 

Let Ai = A/m^^^^ pi : Ai ^i-i the canonical homomorphism and li = 
Ker(p,). Then, Aq ^ k and if = {0} for i > I. We set X, = X Xg Spec(A,), 
Mx, = Mx\x,, Y, = Y xs Spec{Ai), My, = ^rly.- Moreover, the induced 
morphisms Afy^ and My^ Mx^ via h and h' are denoted by hi and 

h'i respectively. Note that /ip = /iq at closed points of Xg by 0. Moreover, by 
Claim rrra 

hn — at closed points lying over s implies that /in+i — ^n+i 
at closed points lying over s. Therefore, we have /i„ = h'^ at closed points of 
Xs for all n > 0. Let a; be a closed point of X over s and y — (f){x). Since 
hx — h'^ as a. homomorphism My^y —>■ Mx,x, for w G My,y, there is m G Ox x 
with hx{w) = h'^{w) ■ u. Since /i„ = /i^, we can see that m — 1 G m"+^C'x,s. Note 
that Ox. 2 is noetherian, which implies that Cln^Q rn"'^^ O x ,x — {0}. Therefore, 
u=l. ' □ 

As corollary of Theorem 13. II we have the following: 
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Corollary 3.2 (Rigidity theorem). Let f : X ^ S and g : Y ^ S be semistable 
schemes over a locally noetherian scheme S , and let (j) : X ^ Y be a morphism 
over S. Let Mx, My and Ms be fine log structures on X , Y and S respectively. 
We assume that {X^Mx) and {Y,My) are log smooth and integral over {S,Ms) 
and (j) is admissible with respect to My /Ms- Lf we have log morphisms 

(0, h) : (X, Mx) ^ (r, My) and (0, h') : {X, Mx) ^ {Y, My) 

over {S, Ms) as extensions of (j) : X ^ Y , then h = h' . 

The following two lemmas was needed for the proof of Theorem 13. II 

Lemma 3.3. Let 



X' - 


TT 


^ Y' 








X - 


n 


^ Y 



be a commutative diagram of reduced algebraic schemes over an algebraically closed 
field such that X and X' is equi- dimensional and /i is flat. Let Z be a closed subset 
ofY. If Tr(T) 2 Z for any irreducible components T of X, then tt'{T') ^ ly^^(Z) 
for any irreducible components T' of X' . 

Proof. We assmne that tt'{T') C v^^[Z) for an irreducible component T' of 
X'. Then, 

iT{p.{T'))^v{iT'{T'))Qv{v-\Z))CZ. 

Let T be the Zariski closure of I-l{T'). If dimT < dimX, then 

dim/i^^(x) > dimT' — dimT > AmiX' — dimX 

for X € /i(T'), which is a contradiction because is flat. Thus, we have dimT = 
dimX, which means that T is an irreducible component oi X. On the other hand, 
we know 7r(r) C Z . This is contradict to our assumption. Therefore, we get our 
lemma. □ 



Lemma 3.4. Let {A,m) be a noetherian complete local ring and A\Xi,...,Xn\ 
the ring of formal power series of n-variables over A. For a fixed a £ m, let 

R = AlXi,...,X4/{Xi---X„-a) 

and J an ideal of R with — 0. Let ui, . . .ui be elements of R and /i, . . . , 
elements of N" with Supp(/i) fl Supp(/j) = for i ^ j . We assume that (1) 
ui ■ ■ ■ ui — 1, (2) X^'Ui — X^^ in R for all i, and that (3) Ui = 1 mod J. Then, 
we have ui = ■ ■ ■ = ui = I. 

Proof. We set S = {/ e N" | A ^ /} and 




where A = (1, . . . , 1). Then, by Lemma [1.1.21 the natural map ^|Xi, . . . , Xn}^ 
R is bijective. Here we claim the following: 
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Claim 3.4.1. Let T be an element o/N". VKe sei St = {/ e S | / + T > A}. 
Then, for f G AfXi, . . . , X„]e, if X'^f = in R, then f can be written by a form 

f = E 

If either T = (0, . . . , 0) or T > A, then our assertion is trivial. Thus, we may 
assume that T ^ (0, . . . , 0) and T ^ A. For I e N", we can find a non-negative 
integer a and J € S with / = aA + J. Wc denote a and J by a{I) and J(7) 
respectively. Here let us see that J{I + T) ^ {S + T \ S € i:\ St} for / e St. 
Indeed, since / e St, we can find i with = and T{i) > 0. Thus, 

J {I + T){i) = T(i) - ail + T)< T(i). 

Hence J(/ + T) ^ {S + T | S e S \ St}. 
Here we set / = X^/es <^iX^ . Then, 

x^f = + E 

/eEr /GE\St 

= Y aia<'+^^X'^'+^'^ + Y aiX'+^. 
le^T JeE\ET 
Thus, a/ = for 7 e S \ St. 

Since Ui = 1 mod J, there is a, e J with Ui = 1 + a^. Then, X^^a, = 0. 
Moreover, since = 0, 

ui • • • u/ = 1 + ai + • • • + a; = 1 . 
Hence ai + • • • + a; = 0. Since X^^ai — 0, by the above claim, o, = X^/gs^ CijX^ , 
where S/. = {/ e S | / + J, > A}. Therefore, 

E E ^.^^^ = 0- 

Note that if / S S/. and /' G S/^. for i ^ j, then I ^ I' because Supp(/j) fl 
Supp(/j) = 0. Thus, we can see that c,,/ = 0, which shows us = for all i. □ 

4. Descent of log morphisms 

Let A be a ring. Note that A gives rise to the commutative monoid [A, x ) with 
respect to the multiplication. A pre-log monoid over A is a monoid M together with 
a homomorphism a. : M ^ (A, x). Moreover, a pre- log monoid a : M ^ {A, x) 
over A is called a log monoid if a induces an isomorphism a~^{A^) — > A^ . We 
often identify a~^{A^) with A^ . First, let us see the following lemma: 

Lemma 4.1. Let A be a ring and a : M ^ {A, x) a pre-log monoid over A. Then, 
we have the following: 

(1) A homomorphism a' : M ffl£j-i(^x) A^ A given by a'{m,a) = a{m)a is 
well-defined. 

(2) {a')~^{A^) ^ A^ , that is, a' : Mffl„-i(^x) A is a log monoid over 
A. 

The log monoid a' : M ffl^-i^^x) A^ ^ A as above is called the associated log 
monoid of a : M ^ A. 
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Proof. (1) This is obvious because the diagram 

a-^A"") — ^ A^" 



M 



is commutative. 

(2) If the class of {m,a) belongs to {a')~^{A^), then it is easy to sec that 
(m, a) ~ {1, a{m)a). Moreover, if (l,a) ~ {l,a'), then a = a'. Thus, we get our 
assertion. □ 

Let a : M — > A be a pre-log monoid over A and / : A — > B a homomorphism 

of rings. The associated log monoid M ffl(joQ:)-i(Bx ) oi f o a : M ^ {B, x) is 
denoted by M Ma B and the canonical homomorphism M Ma B ^ B \s denoted 
by as, that is, aB{Tn,b) = f{a{m))b. Note that the associated log monoid of 
a : M ^ A is nothing more than M Ma A. 

We say / is quasi-local if f~^{B^) = A^ . Note that a local homomorphism of 
local rings is quasi-local. More generally, if, for any maximal ideal m of A, there 
is a maximal ideal n oi B with f~^{n) = m, then / is quasi-local. If M is a log 
monoid over A and f : A ^ B is quasi-local, then M Ma B = M ffl^x B^ , namely, 
(m, b) ~ (m', b') if and only if there is a € A^ with (m, b){a, f{a~^)) = (m', b'). 

Let (3 : N ^ A he another pre-log monoid over A. A homomorphism (j) : M 
N is called a homomorphism over A ii a = P o (j), i.e., the following diagram is 
commutative: 




Note that if a : M ^ A and P : N A are log monids over A, and </> is a 
homomorphism over A, then (j){am) = a<j){m) for all m G M and a G . We 
denote the set of all homomorphisms M ^ N over A by Hom^(M, N). 

More generally, let / : ^ i? be a homomorphism of rings and let a : M ^ A 
and f3 : N B he pre-log monoids over A and B respectively. Then, a homo- 
morphism (f) : M ^ N is called a homomorphism over f ii f o a = j3 o (j), i.e., the 
diagram 




is commutative. The set of all homomorphisms 4> : M ^ N over / is denoted by 
Hom/(M, N). 

Lemma 4.2. Let f : A ^ B be a homomorphism of rings, and let a : M ^ A 

and 13 : N ^ B be log monoids over A and B respectively. Then, there is a natural 
isomorphism 

Hom/(Af,iV) ^Homs(M MaB,N). 



Proof. We define 



7 : Hom/(M, N) Homs(M IEIa B, N) 



34 



ATSUSHI MORIWAKI 



to be 'j{4>){m,b) — <p{m)b. This is well defined because the following diagram 

(/oa)-i(SX) 



is commutative. We need to see that j{4>) is a homomorphism over B. Indeed, 
(3 o 7((/))(m, b) = I3{<p{m)b) = P{(l){m))b = f{a{m))b = asim, b). 
Next, we define 

5 : HomB(M Ha B,N) Hom/(M,iV) 

to be 5{4>'){m) = 4>'{m, 1). Since 

/? o 6{ct)'){m) = P{<f>'{m, 1)) = as(m, 1) = / o a(m), 

^((/)') is a homomorphism over /. 
With this notation, 

{S o 7)(</')(m) = <5(7(</'))(to) = 7('/')(m, 1) = </.(m) 

and 

(7 o 5){(f>'){m, b) = 7((5((/>'))M = 5{<t>'){m)b = (p'{m, l)b = (/>'(m, 6). 

Therefore, we get our claim. □ 

Let a : M ^ A and ^ : N Ahe pre-log monoids over A. Let (j) : M N he 
a homomorphism over A and /i : S — > C be a homomorphism of ^-algebras. Then, 
there is a homomorphism 

given by (</) lEl /i)(rn, 6) = {(j)(rn),h(b)). This is well-defined. Indeed, lei f : A ^ B 
and gf : ^ — > C be the canonical homomorphisms with ho f = g. Here we consider 

fjL : M ^ N Ma C and V : B^ N Ma C given by /i(m) = (^(m), 1) and 
u{b) = Then, for m e (/ o (S^ ), 

(1, o a)(m))) • (0(m), 1) = (0(m), 1) • (1, h{f{a{m)))) 

= (0(m),l)-(l,5(a(m))) 

= (.^(m),l)-(l,(5o/3)(.^(m))), 

which means that (1, h{{f o a)(m))) {(j){m), 1) in A'' lEl^ C. Thus, the diagram 

(/oa)-i(BX) . fix 

M — NMaC 

is commutative. Therefore, we have the homomorphism <j)Mh : MMaB — > NMaC. 

Lemma 4.3 (Descent lemma for log monoids). Let f : A ^ B be a faithfully flat 
homomorphism of rings. Here we consider the descent exact sequence 

0^ A^ BZIZB^aB, 

Q 

where p{b) = 6 (g) 1 and q{b) = 1 (g) 6. Then, we have the following: 
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(1) Let a : M ^ A be a log monoid over A such that M is integral. Then, the 
sequence 



M 



M^aA'"^^M\ 



id 



(i?. 



B) 



is exact. 

(2) Let a : M A and P : N ^ A be 
are integral. Then, the sequence 



monoids over A such that M and N 



HoniA(M, N) 



Homs(M Ma B, N ^a B)^ 

Q 

HoniB^^s(A^ {B ®A B), N ^a {B ^a B)) 



induced by the descent exact sequence is exact, where F, P and Q are given 
as follows: First of all, F(4>) = (/) M id. Note that f, p and q are quasi- 
local. Thus, using the homomorphism B^ {B®aB)^ via p and (5) of 
Lemma 12.1. 11 



M Ma (B (Sa B) 
N Ma {B (E)a B) 



■ {MMaB) Mb [B ®a B) 
{N MaB) Mb {B®a B). 



id(B®^B). The subscript p means that we use the 
> {B ®A B)^ in terms of p. In the same way, using 



Then, P{(t>') = 4)' 
homomorphism B^ 
the homomorphism B^' — > (B (^a B)^ via q, Q{4>') = </>' Mq id(^B(g>AB)- 

Proof. (1) First, let us see that M '^^-^ MMaB is injective. Indeed, we assume 
that (m, 1) (m', 1) in M Ma B. Then, there is a € A"" with (m, l)(a, /(a~^)) = 
(m', 1) because / is quasi-local. Thus, /(a) = 1. Since / is faithfully flat, / is 
injective. Therefore, a = 1. Hence m — m' . 

It is easy to see that (id Kip) o (idMf) = (idMq) o (idMf). 

Finally, we assume (id Kip) (m, 6) = {idMq){m,b) for some m £ M and b E B^ . 
We set r = pof = qof. Then, there is a G A^ with (m, 6(g)l)-(a, r{a~^)) = {m, l^b) 
because r is quasi-local. Thus, ma = m and {b (E) l)r{a~'-^) = 1 (g) 6. Here since M 
is integral, a = 1. Therefore, 6 (g) 1 = 1 (g) 6. Hence b — f{a') for some a' G A. Here 
/ is quasi-local. Thus, a' G A^ . Hence, {m,b) — (id H/)(m, a) with a E A^ . 

(2) We need to show that, for 0' e Homs(M Ma B, N Ma B), if P{<j)') = Q(0'), 
then there is a </> S Hom^(M, N) with F{ip) = (/>'. Since the following diagrams 



M Ma B V M Ma {B 



id „ . 

NMaB -^NMa (B 



aB) 
p{<p') 
aB) 



Ml 



B 



MMa{B ®a B) 
QW) 



id „ . 

NMaB -^NMa (B 



B) 



are commutative, we have 

iidMp) o o (idK/)(m) ^ P{(j)') o (idMp) o (idH/)(m) 

= Q(0')°(idK'?)o(idK/)(m) 
= (idKg)o0'o (idK/)(m). 
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Therefore, there is a unique n & N such that 0' o (idS/)(r7i) = (idKl/)(n). We 
denote this n by (j)(m) . It is easy to see that (/> is a homomorphism and the foUowing 
diagram is commutative: 



M M I 



TV -^Nl 



B 



B. 



Finally, let us see that (j) is a. homomorphism over A. Indeed, since (j>' is a homo- 
morphism over B and the following diagrams 



M M I 



aB 



N -^N^A B 



A- 



B 



A- 



B 



are commutative, 

/ o /3 o = /3b o (id K/) o = /3b o o (id m) 

= as o (id Mf) ~ f o a. 

Thus, a = P o (j) because / is injective. □ 

As a consequence of the above descent lemma, we have the following proposition: 

Proposition 4.4. Let n : X' ^ X be a faithfully flat and quasi- compact morphism 
of schemes and X" ^ X' Xx X'. Let p : X" X' and q : X" ^ X' he the 
projections to the first factor and the second factor respectively. Let M and N he 
fine log structures on X , and let r — t: o p = n o q. Then, 

^ Homo^(M,iV) Homo ^,(7r*(Af),7r*(Ar))z: Homo ^„(r*(M),r*(A^)) 

is exact. 

Proof. Let us begin with the following claim. 



Claim 4.4.1. The map n* : }iomo^{M,N) 
tive. 



Homo„, (7r*(M), 7r*(iV)) is injec- 



Let e llomox{M,N) with 7r*((/)) = 7r*('0). Since M and N are fine log 
structures in the etale topology, it is sufficient to see that (f>x — "08 for x d X. 
Choose x' G X' with tt{x') — x. Then, we can see 

f7r*(Af)5, = A^^Ox.. Ox',x', 

Therefore, the claim follows from Lemma [4. 31 

Next we consider the descent problem, namely, if (p' E Homo^, (7r*(M), 7r*(A^)) 
with p*{(t)') = q*{(t)'), then there is G Homox(Af,iV) with 7r*(0) = (f)' . For this 
purpose, let us see the following claim: 

Claim 4.4.2. Let {pi : Ui ^}ie/ be an etale covering of X . If the descent 
problem holds on Ui for each i £ I , then so does on X. 
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Let (/>' e Homo^„(7r*(A/),7r*(A^)) with p*{(j>') = q*{(l>'). Let s^ : U^ Xx U^ ~> U^ 
and ti : Ui Xx Ui Ui be the projection to the first factor and the second factor 
respectively. We set the induced morphisms as fohows: 



X'- 



Pi 



■X'r 



Ui 



X'r 



UiXxU^ 



X 



Ui Xx U, 



ti 



Then, by our assumption, for each i (z I, there is 
^n<t>uJ^p';m- Here 



e }lomou.{Mu,,Nui) with 



Thus, by the previous claim, s*{(f>Ui) — t*{<j)Ui) for each i £ I. Since M and N are 
sheaves on the etale topology, there is 0i G Homo,,, (My^ , iVy. ) with p*{(t)i) — (f>Ui, 



where Vi = pi(Ui). Moreover, by the previous claim. 



there is G Homo^ (Af , N) such that 



'^ilVinVj 



\Vi 



— d>i for all « e /. 



"0 ly,nVj ■ 



Thus, 



By the above claims, we may assume that X = Spec(A) for some ring A. Thus, 
using the quasi-compactness of tt and the standard techniques as in the case of 
modules, we may assume that X' = Spec(i3) for some ring B faithfully flat over A. 
Therefore, by Lemma [4. 31 we have our assertion as in Claim 1^4. II □ 



Theorem 4.5. Let f : X S and g : Y S be semistable schemes over a locally 
noetherian scheme S , and let (p : X —t Y he a morphism over S . Let Mx, My and 
Ms he fine log structures on X, Y and S respectively. We assume that {X,Mx) 
and {Y, My) are log smooth and integral over (S*, Ms) and (j) is admissible with 
respect to My /Ms ■ Then, we have the following: 

(1) Let Ti : X' —t X he a surjective and smooth morphism. Lf there is a log mor- 
phism {(j)o TT, /i') : {X' ,'!T*(Mx)) — > (Y, My) over (S,Ms), then it descends 
to a log morphism {(j),h) : {X,Mx) {y,My) over {S,Ms). 

(2) Let n : S' ^ S he a faithfully flat and quasi-compact morphism. Let X' = 
X Xs S' , Y' — Y X s S' and (p' = (pxs idg' . We set the induced morphisms 
as follows: 

X X' Y Y' 

S <— ^ 5' S S' 

If there is a log morphism {(j)' ^h') : (X',7r^(Mx)) ^ (y,7ry(Afy)) over 
(S' ,7r*{Ms)), then it descends to a log morphism {4i,h) : {X,Mx) 
(y,My) over {S,Ms). 

Proof. In the case of (1), it is easy to see that f o tt : X' ^ S is a. semistable 
scheme and </) o tt : X' — > F is admissible with respect to Supp{My /Ms) by 
Lemma [3.31 Thus, (1) and (2) are consequences of Theorem 13.11 Proposition 14.41 
and Lemma ^21 ^ 
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Corollary 4.6. Let f : X S and g : Y ^ S be semistable schemes over a 
locally noetherian scheme S, and let cf) : X —t Y be a morphism over S. Let Mx, 
My and Ms he fine log structures on X , Y and S respectively. We assume that 
(X, Mx) and (Y, My) are log smooth and integral over [S, Ms) and (f> is admissible 
with respect to My /Ms- Let {tt; : Xi Xjig/ and {fij : Yj — > Y}j^j be families of 
smooth morphisms such that X — lJiG/'''*(^») '^"'^ ^ ~ V^j^j f-jO^j)- assume 
that, for each i Cz I , there are j (z J and a log morphism hi) : (Xi, tt*(Mx)) — > 
(Yj , fj,* (My)) with the following diagram commutative: 



X,, 



X 



Y. 



Then, there is a log morphism 

(^,h):(X,Mx)^(Y,My) 
as an extension of (j) : X ~~f Y such that the diagram 

(X,,7::(Mx)) (Y,,fi*(My)) 



(tt^ ,nat) 

(X,Mx) 



{fij ,nat) 

(Y,My) 



is commutative, where nat is the natural homomorphism. 

Proof. We set Ui — Tri(Xi). Then, by (1) of Theorem 14.51 there is a log mor- 
phism 

(cl,\^^,h^:(U,,Mx\u^)^(Y,My) 

such that the diagram 



(X,,7r:(Mx)) 

(TTi.nat) 



iU^,Mx\u, 



(Y,,^i*(My)) 
{pj ,nat) 
(Y, My) 



is commutative. By using the rigidity theorem, we can construct 

(c^,h):(X,Mx)^(Y,My) 
such that ((t>,h)\y^ = (4>\^^,h[). 



5. Dualizing sheaves of log semistable schemes 

Let (/, /i) : (X,Mx) {Y,My) be a morphism of fine log schemes. We say 
(f,h) : (X,Mx) (Y,My) is free (or (X,Mx) is free over (S,Ms)) if, for any 
X £ X, Coker(My jj-^^ M^x,x) is a free abelian group. 
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Proposition 5.1. Let S be a locally noetherian scheme and f : X S a semistable 
scheme over S. Let Mx and Ms be fine log structures of X and S respectively. We 
assume that {X,Mx) and {Y,My) are free, integral and log smooth over {S,Ms). 
Let LOx/s be the dualizing sheaf of X S. Then, there is the canonical infective 
homomorphism 

(b : uJx/s ^ det{n]^/g{log{Mx/Ms))) 
with the following properties: 

(1) (p is the identity on the outside o/ Supp(Mjc/Ms). 

(2) Let us take the effective Cartier divisor Bmx/Ms 

(f>{<^x/s) ® Ox{Bmx/Ms) = det(fi^/s(log(Mx/Ms))), 

that is, X e Supp(Bmx/Ms) if (md only if (p is not surjective at x. Then, 
Bmx/Ms is flat over S. {Bmx/Ms is called the boundary divisor of{X,Mx) - 
{S,Ms).) _ 

(3) Let X be a closed point of X and s — f{x). We set Q — M s.s o,nd P = 
Mx.x- Let h : Q ^ P be the induced homomorphism. Let a : Mx Ox 
be the canonical homomorphism. Here we define tx G Ox,x as follows: 

(3. a) If h : Q ^ P splits, i.e., there is a submonoid N of P with P = 
f{Q) X N, then 

tx= n "(^)' 

p6lrr(A'') 

where Irr(A^) is the set of all irreducible elements of N and p's are 
elements of Mx,x with p = p mod ^ . 
(3.b) If h : Q ^ P does not split, i.e., h : Q P has a semistable structure 
{a, qo, A, B) for some a C P, cfy Q and A,B^ N"' , then 

tx= Yi 

pecr\Supp(A) 

where p 's are elements of Mx,x with p = p mod - . 
Then, Ox,x{-Bmx/Ms) = tsOx,x- 
Proof. Let us begin with the following lemma: 

Lemma 5.2. Let (j) '■ ti^) — > {B,mB) be a homom,orphism of noetherian local 
rings such that (j) is essentially of finite type and smooth. Let gi, . . . ,gj. be a regular 
sequence of B. We set I = {gi, . . . ,gr) and C = B/I. Note that the dualizing sheaf 
^c/A of C over A is given by 

n r / n \ ^ 

t\^B/A®B \{I/I^Y = {f\^B/A®Bc\ ®cf\{Iliy, 

where {I/Py is the dual as a C -module. Then, there is the canonical homomor- 
phism 

n — r 

C ■ /\ ^C/A ^CjA 

with the following properties: Let /i, . . . , /„ G B such that dfi,. . . , dfn form a free 
basis of fls/A- For a subset S = {jr+i, ... ,jn} of{l,...,n}, 

c{dfjr+, A • • • A dfjj = As • (51 A • • • A grY ®c (rf/i A • • • A dfn), 
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where fj^^^ , ■ • ■ , /i„ OLre the classes of fj^^^ , . . . , fj^ in C , gi, . . . , gr are the classes 
of gi, . . . , gr in I / and As is given by the following equation: 

dgiA--- AdgrA dfj,.^, A • • • A = A5 • (d/i A • • • A d/„). 

We say = (51 A • • • A gr)'^ '^c (dfi A • • • A dfn) is the basis of loc/a with respect 
to gi, . . . ■ • ■ ,/r- 

Proof. This lemma is essentially proved in [7| Lemma 4.12 in Chapter 6]. 
Let be a submodule of ^b/a generated by dgi, . . . ,dgr. Note that N ®b C 
does not depend on the choice of regular sequences which generate I. Moreover, 
{Q,b/a/N) ®b C = flc/A- Here, we have a homomorphism 

r n — r n 

p: /\N^B A ^B/A^ f\^B/A 

given by p{{xi A • • • A Xr) ® {xr+i A • • • A Xn)) = A • • • A a;„. Since f\^'^'^ N = 0, 
the above homomorphism induces 

r n — r n 

P : A ^ ®B A (^b/a/N) ^ A ^B/A- 
Therefore, by tensoring (^bC and by composing I/P A^^s C, we get 

r n—r r n—r n 

PC ■■ f\{I/I^) ®C A ^C/A ^ A(^ ®B C) ®c A ^C/A ^ A ^B/A ®B C. 

Thus, pc gives rise to the canonical homomorphism 



C 



: A ^c/A ^ A ^B/A ®bC\®c I\{I/I^Y = ^C/A- 



Let /i , . . . , /„ e i? such that c?/i , . . . , form a free basis of ^b/a, and let S — 
{jr+i, ■ • ■ , in} be a subset of {1, . . . , 71}. Then, note that 

pc{{gi A---Agr)® {dfj,+, A • • • A dfjj) 

= p{{dgi A---Adgr)(g) (dfj^^, A • • • A d/^ J) (g) 1 
= {dgi A ■ ■ ■ A dgr A dfj^^^ A ■ ■ ■ A dfj^ ) 1 

= As • (d/i A • • • A dfn) ® 1. 

Thus, we get the lemma. □ 

Let us go back to the proof of Proposition l5.ll We set Xq = X\ Supp(Mx /Ms). 
Then, / is smooth on and the log structure Mx on Xq is trivial over M5. Thus, 

''x,s\x, = det(l^i,„/s) and det{il\/s{\og{Mx /Ms)))\^^ = ^^^{^x,,s)- There- 
fore, we can take the canonical homomorphism 



'/'o : ^x/s\x, del{il].fg{\og{Mx/Ms))) 



Xo 



as the identity map, so that our problem is how we can extend the homomorphism 
(j)o on X. Note that an extension of (j) is uniquely determined if it exists. 
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Claim 5.2.1. Let g : S' ^ S be a faithfully flat morphism of schemes. We set 
X' = X xs S' and the induced morphisms as follows: 

X' X 

f f 

S' S. 



Moreover, we set Ms' = g*{Ms) and Mx' = g'*{Mx)- If there is an extension 
0' : ujx'/s' ^ dei{n\,/s,{log{Mx'/Ms.))) 

of 

00 : ^x-/S'\x' ^ det(f}^,/s,(log(Mx'/Afs'))) , > 

Xg 

then <j)' descends to an extension 

cb : Lux/s det{n]^/g{logiMx /Ms))) 

over X, where X^ = Supp(Mx'/-^5') = g'~^{Xo). Further, if Bmx,/Ms, flo,^ 
over S', then so is Bmx/Ms over S. 

Let us consider S" = S' Xs S' and X" = X' Xx X'. Let p : S" S' and 
p' : X" X' (resp. q \ S" ^ S' and q' : X" X') be the projections to the first 
(resp. second) factor: 

s"^s' ^ s, x"hx' X X. 

1 q' 

We setp = gop = goq and p' = g' o p' = g' o q' . Note that 

' LOx'/s' = g'*{^x/s) 

dct(f]i,,/5,(log(M;fVMs'))) = g'*{Aet{n],/s{\og{Mx/Ms)))) 

LUx"/S" = P'*{^X/s) 

^det{n\„^s„{\og{Mx"/Msn))) = p'*{det{n],fs{\og{Mx/Ms)))). 

Thus, by virtue of the uniqueness of extension, we can see that p'*{(j)') = (/'*((/>'). 
Hence, by using descent theory, </>' descends to an extension 

(f> : LOx/s ^ det(n^/s(log(Mx /Ms))) 

overX. Further, by the definition of boundary divisors, Bmx//Ms, = g'~^{BMx/Ms)- 
Thus, the natural morphism BM^i/Mg, — > Bmx/Ms is faitiifully flat. Therefore, if 
BiAxi/Mg, is flat over 5', then so is Bmx/Ms over S. 

Moreover, let us consider one more similar claim: 

Claim 5.2.2. Let u : U ^ X be an etale morphism. We set Mu = u*{Mx). If 
there is an extension 

41 : ujuis ^ det(n^/s(log(Mt; /Ms))) 

of 

^0 ■ '^u/s\u, ^ det(n^/s(log(Mc//Ms)))|^^ , 
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then 4>' descends to an extension 

^ ■ ^x/s\u(u) ^ det(f^^/s(log(Mx/Afs))) , 

where Uq — u^^{Xo). Further, if Bmu/Ms fl'^^ "''^'^ then so is Bmx/Ms\u{u) 
over S. 

Let U' — U Xx U and p : U' ^ U (resp. q : U' ^ U) he the projection to the 
first (resp. second) factor. Note that 

'^u/S = u*{lux/s) 

^ det(fl^/5(log(My /Ms))) - u*{det{n],^^.{logiMx/Msm 
^U'/s = u'*{u;x/s) 

det{nlj,/,{logiMu'/Ms))) = ^i'*(det(^^^/5(log(A^x/Ms)))), 

where u' — uop = uoq and Mjji — u'*{Mx)- Thus, using the uniqueness of 
extension and descent theory, we can see our claim in the same way as in the 
previous claim. 

Finally, we claim the following: 

Claim 5.2.3. 0o extends to cf) : uJx/s ~^ det(ri^^g{log(Mx/M5))). Moreover, if 
we take tx as in (3) of Provosition 15.11 for x G X, then 

H^x/sh = txdet{n],/s{logiMx/Ms)))s 

and Ox,x/txOx,x is flat over Os^g- 

Clearly we may assume that S — Spec(A) for some noetherian local ring [A, to). 
Let a; be a closed point of X lying over m. Then, by using Proposition 12. 3. H and 
[EGA III, Chapter 0, 10.3.1] together with Claim [^2. II and Lemma [5.31 below . we 
may further assume the following: 

(i) There is a fine and sharp monoid Q and a homomorphism ttq : Q — s- Ms^s 
such that Q Ms.s M s.s is bijective. 

(ii) k = A/m is algebraically closed and the natural homomorphism A/m to 
the residue field of X at a; is an isomorphism. 

Then, we have a good chart of {X,Mx) {S,Ms) at x, namely, there are a fine 
and sharp monoid P and homomorphisms np : P Mx,s and h : Q —> P such 
that P — > Mx.x — > Mx,x is bijective, the diagram 



Q ~ 


h 


P 












^ Mx,x 



is commutative and that the natural homomorphism 

is smooth. Note that it is sufficient to construct the extension of 0o over Ox,x by 
Claim EinSl 

Here we need to take care of the following two cases because {X,Mx) is free 
over {S,Ms): 

(A) / is smooth at x. 
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(B) / is not smooth at x and h : Q ^ P does not split. 

For the case (A), there is a submonoid N oi P such that P — h{Q) x N and N 
is isomorphic to N"^ for some non-negative integer a. Then, 

Os-s ®OsAQ] ^sAP] - OsA^"] = OsAXi, Xa]. 
Thus, adding more indeterminates Xa+i, ■ . . ,Xn, Ox,x is etale over 

Os,s[Xl, . . . , Xn]- 

Therefore, it is sufficient to see our assertion on X' — Spec(C's,s[^i, • ■ • , -'^n]) 
around the origin o = {ms.s, Xi, . . . , Xn). Then, the bases of 

i^x'/s.o and detifl^, /s{log{Mx' /Ms))b 

are 

dXi dXa 
dXi A • • • A dXn and -— A • • • A -— A dXa+i A • • • A dXn 

Xi Xa 

respectively. Hence, we get the first and second assertions. Moreover, in this case, 
tx — Xi ■ ■ ■ Xa- Thus, the last assertion follows from Remark 1 1.1. 31 

Finally, we consider the case (B). Here we set a — {pi, . . . ,pr} with Supp(A) — 
{pi, . . . ,pi}. Then, Ox.x is etale over 

Os,s[Xl, . . . , Xi, Xi^i, . . . , Xr, Xr+l- . . . , Xn]/ {Xi ■ ■ ■ Xi — flX^^^ ' ' ' X^''), 

where the class oi Xi {i — 1, . . . ,1) is a{np(pi)), bj — B{pj) {j = / + 1, . . . , r) 
and a = a(7rQ((jo)). We denote the class of Xi by Xi. Moreover, the polynomial 
Xi---Xi - aXil\' ■ ■ ■ X^- is denoted by F. As in the case (A), it is sufficient 
to see our assertion on X' = Spec{Os,s[Xi, ■ ■ ■ ,Xn]/{F)) around the origin o = 
(mg^s, Xi, . . . , Xn)- Here we set 



(jj. 



J dlog(pi) A • • • A (ilog(pj) A • • • Ad\og{pr) A dxr+i A • • • A dxn if 1 < i < r 
1 dlog(pi) A • • • A dlog{pr) A dxr+i A • • • A dxi A • • • A dxn if r < i < n 

as an element of det(r2^,^^(log(Mx'/-^^s))- Then, it is easy to see that 

{{-ly-^LJl ifl <i<l 
{~l)^biUJi if I < i < r 
if r < i < n 

because 

dlog(pi) H ^d\og{pi) = bi+id\og{pi+i) H h brd\og{pr). 

Let 

A = (F)^ ® dXi A • • • A dXnlx, e detini^/s) 

be the basis of ujx' / s with respect to F,Xi,..., Xn as in Lemma 15.21 and let 

^ : iox'/s -> det{n],,/s{logiMx'/Ms)) 
be a homomorphism given by 4>{X) = xi^i ■ ■ ■ Xr ■ uji. Moreover, let 

ri-l 
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be the canonical homomorphism described in Lemma 15.21 and let 

n-l 

det{n],,/s{log{Mx'/Ms)) 

be the natural homomorphism. More precisely, c is given by 

c{dxi A • • • A dxi A • • • A dxn) = • A, 

where A; is determined by 

dF A dXi A • • • A (Si A • • • A dX,, = A^ • dXi A • • • A dX^- 

Thus, Ai = {—iy^^{dF/dXi). In order to see our assertion, it is sufficient to show 
that the following diagram 

detin],,,g{log{Mx'/Ms)) 




4> 



is commutative. Indeed, /\" ^ ^x'/s generated by {dxi f\ - ■ ■ f\ dxi A • • • dxn}^^i- 
Thus, we need to see that 

(f){c{dxi A • • • A dXi A • • • dXn)) = Xi ■ ■ ■ Xi ■ ■ ■ Xr • OJi 

for all i. In the case where \ <i <l, 

Picidxi A • •• Acfei A ■■■dx„)) = P{{~iy-\dF/dX,)X) 

= {-ly^^Xi ■ --Xi-- - Xi ■ Xi+i ■ - -Xr ■ LOi 

In the case where I < j < r, 

(3{c{dxi A •• • A(ixi A ■ ■ ■ dxn)) = /3((-l)'^^(5F/9Xi)A) 

= (-l)*6iaa;|'^Y ' ' ' ■ ■ ■ x\r ■ ■ ■ ■ Xr ■ uJi 

_ bi + l bi br ^ 

— (2X^_j_-|^ ■ • • X^ ' ■ • X^ ' Xl-\-i • • • Xi • • • Xr ' t^i 

— X"^ ' ' ' Xi ' ' ' Xr ' ^^4. 

Finally, in the case where j > r, 

P{c{dxi A •• • Acfa?i A---dxn)) = f3{{-iy~^ {dF/dX,)X) = ^ xi ■ ■ ■ Xi ■ ■ ■ Xr ■ oji. 

Moreover, in this case, = • • -Xr- Therefore, Ox,x/ixOx.x is etale over a 
ring 

R — Os,s[Xi , . . . , Xy^/ {Xi ■ ■ ■ Xi — aXi^yy ■ ■ ■ X^:' , Xij^i ■ ■ ■ Xr). 
Note that if we set D = Os.A^i+i, • • • , • • • Xr), then 

R ~ D[X^, . . . , Xi]/{Xi ---Xi- ax'^Y • • • 

where . . . ,Xr are the classes of . . . , Xr in D. By using Remark 1 1.1. 31 D 

is flat over Os^g and R is flat over D. Thus, R is flat over Os,s- ^ 
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Lemma 5.3. Let A be a ring, M an A-module, and Ni and N2 A-submodules of 
M . Let f : A B be a ring homomorphism such that B is faithfully fiat over A. 
If Ni ®aB = N2®aB as B-submodules of M ®a B, then Ni ^ N2. 

Proof. For each i — 1,2, let us consider a sequence 

(5.3.1) O^iV, ^iVi+iV2^0, 
which gives rise to 

(5.3.2) 0-^ N,(g)AB ^ {Ni+N2)(E)aB -^0. 

Here, since NiiS)aB ^ N2 <»a B, we have (iVi + N2)<»a = Ni i^a B. Thus, l|5.3.2|l 
is exact, which imphcs that so is (|5.3.1|l . Thus, Ni = N2 = Ni + N2. □ 

6. Extension of log morphisms 

Let 5 be a locally noetherian scheme and f : X ^ S a. semistable scheme over 
S. Let Mx and M5 be fine log structures of X and S respectively. We assume 
that {X,Mx) are free, integral and log smooth over {S,Mg). Note that, for a 
point X € Sing(/) and s = f{x), Ms.s Mx,x does not spht. Thus, it has the 
unique semistable structure (cr, qo, A, B), where a is the set of irreducible elements 
of Mx.x not lying in the image of Ms,s, Qo G Ms,s and A,B E Recall that 
this qo is called the marking of Ms,s Mx,x (cf. Definition l2.2.4|l . We dente this 
by markjv/x/Ms (2^)- Thus, we have a map 

markMx/Ms : Sing(/) ]J Ms,s- 

ses 

If we fix s G S*, then we get 

ma.rkMj,/Ais\x, ^ ^S,s, 
where Xs is the geometric fiber over s. Note that mark jv^^/Ms \x- locally constant 
fcf Proposition !^. 2. 5|) . We say markMx /Ms is regular ii uiar'kMx /Ms i^) is regular 
for every x £ Smg{Xg). 

Theorem 6.1. Let {A,tA) be a discrete valuation ring and f : X Spec(74) a 
generically smooth semistable scheme over S = Spec(A). Let Ms be a fine log 
structure on S and let Mx and M'^ be fine log structures on X. Let {f,h) : 
{X,Mx) (S*, A/5) and {f,h') : {X,M'-^) {S,Ms) be free, smooth and integral 
morphisms. IfBM^/Ms =^m'x/Ms' markjv/^/Afs = mark^^/Ms and mark^^ /Ms 
is regular, then there is an isomorphism 

(id, h):iX,M'x)^(X,Mx) 

over {S, Ms). 

Proof. Before starting the proof of Theorem 16. II we need several preparations. 
Let (A, to) be a noetherian regular local ring and R the ring of formal power series 
of n- variables over A, i.e., R = ^I^i, . . ■ , Xn}. An element of / = J2i o-i^^ of R 
is said to be primitive if there is no prime element p oi A such that p \ aj for all /. 
Then, we have the following: 

Lemma 6.2. (1) For a non-zero f € R, there are a G A and f € R such that 
f = af and /' is primitive. 
(2) // / and g are primitive elements of R, then so is fg. 
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(3) Let a and b be non-zero elements of A, and let f and g be primitive elements 
of R. If af = bg, then there is u € with b — ua. 

(4) If a is a non-zero element of m, then Xi - ■ ■ X„ — a is a prime element of 
R. 

Proof. (1) For g — J2ieN" 9i^' ^ the ideal of A generated by {^/j/eN" is 
denoted hy I{g). If 5 7^ and there is a prime element p G A with g = pg' for 
some g' € i?, then I{g) — pl{g')- In particular, I{g) C I{g'). Thus, we have our 
assertion because A is noetherian. 

(2) We assume that there is a prime clement p such that p divides all coefficient 
of fg. Then, fg = in {A/pA)lXu . . . , Xnj. Thus, cither / = or ,9 = in 
{A/pA)lXi, . . . , XnJ because {A/pA)lXi, . . . , X„] is an integral domain. This is a 
contradiction. 

(3) It is sufficient to see that if a is divisible by a prime element p, then so is b 
by p. Indeed, since p divides a, af — in . . . , X„]. Thus, bg — in 
{A/pA)lXi, . . . ,Xnl- Wc set g = J2i9i^^ ■ Then, since g is primitive, there is / 
such that £(/ ^ in A/pA. Then, bgi = in A/pA, which implies that 6 = in 
A/pA. 

(4) We assume that there is a decomposition 

Xi---Xn- a = fg 

with f,g ^ R^ . We consider the above decomposition in (^/m)|Xi, . . . , X„]. 
Then, renumbering Xi, . . . , X^ and replacing / by (unit) • /, we may set 

f ^ Xi - ■ ■ Xi and g = X^+i ■ ■ ■ X„, 

where / and g are the classes of / and g in {A/m)lXi, . . . , U i = n, then g is 
a unit. Thus, i < n. Here we can find h,k G m|Xi , . . . , X„] with f = Xi ■ ■ ■ Xi + h 
and g = Xj+i • • • X„ + k. Therefore, 

Xi---Xn-a={Xi---Xi + h){Xi+i ...Xn + k). 

Thus, 

-a={Xi---X, + h{Xi, . . . , X„_i, 0))A-(Xi, . . . , X„_i, 0). 

Here, by (1), there is b & A and k' G ^l-^^i, • • • , -'^n-i] such that 

fc(Xi,...,X„_i,0) = 6fc' 

and k' is primitive. Thus, by (2) and (3), we have u G A^ with b = —au. Hence, 

l = {Xi---X, + h{Xi, ...,Xn-i, 0))k'u. 

Therefore, 1 = ft.(0, . . . , 0)fc'(0, . . . , 0)u, which means that h{0, . . . , 0) G . This 
is a contradiction because h G m|Xi, . . . , □ 

Next, we consider primary decompositions in the special rings. 

Proposition 6.3. Let {A, tA) be a discrete valuation ring and 

R = Aixi, ...,Xi,Yi,..., y„i/(x^ - «ry^), 

where u is a unit, a is a positive integer, A = (1,...,1)gN' and B G N". Let I he 
an element ofW- such that I{j) < B{j) for all j = 1, . . . , n. We denote the class of 
Xi and the class of Yj in R by Xi and yj respectively. Then, we have the following: 

(1) R is an integral domain. 
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(2) The ideals {xi,t) (l < i < I) and {xi,yj) {1 <i <l, j (z Supp(i?)) of R are 
distinct prime ideals such that dim R/{xi,t) = diia R/(xi,yj) = I + n — 1 
for all i = 1, . . . J and all j G Supp(i3). 

(3) (t"/) = (2;i,i°y')n---n(a;,,iV). 

(4) For each i — 1, . . . ,1, 

iesupp(/) 

is a primary decomposition with no embedded primes. Moreover, {xi, t°-) = 

{xi,t) and ^J{x^~yf^ = {xi,yj). 

(5) Let ji, ■ ■ ■ ,jr be distinct elements o/{l, . . . ,n}. Then, 

ivn ■ --yjr) = ivji) n • •• n (y^J. 

(6) ^ Supp(_B), thenyj is a prime element of R. Moreover, if j G Supp(i?), 
then [yj) — {xi,yj) H ■ ■ ■ H {xi,yj) is a primary decomposition with no 
embedded primes. 

Proof. (1) This is a consequence of Lemma 16. 21 

(2) It is easy to see these facts by the fohowing canonical isomorphisms: 
R/{x,,t) ~ {A/tA)lX,, ...X,...,Xi,Yl 

R/{x,,yj) ~ ...X,...,Xi,Yi,...,Yj,...,Y4 {j e Supp(B)). 

(3) Let us begin with the foUowing claim: 

Claim 6.3.1. Let f be an element o/ and let / G N". // 

f\xi=a ~ /(^i' ■ • • ' ^i-i^O, Xi^i, . . . , Xi,Y) 

is divisible by f^Y^ for every i = l,...,l, then there are g,h G with 
f = t''Y^g + X^h. 

We set 

/ = /i + Xif2 + + • • • + • • • Xi^ifi + • • • Xih, 

where h G F] and fi G AlXi, Xi_i,Xi+i, ...,Xi,Yj. Here we see 

layi I for every i — by induction on i. In the case where i = 1, 

fi = /(O, X2,..., Xi,Y). Thus, I /i. In general, 

f\x,=Q ^ /llxi=0 + ^1 Mx,=0 ^ ^ Xi- ■ -Xi^ifi. 

Thus, using hypothesis of induction, we can see that f^Y^ \ fi. Therefore, we get 
the claim. 

Clearly, {t°-y^) C {xi^f'y^) n • • • n [xuf'y^). We assume 

/G (a;i,iV)n---n(a;i,iV), 
where / G Since / G {xi,t°-y^), there are v,w,z G A|Xi,...,X„] with 

/ = X,v + rr^w + [X^ - ut''Y^)z. Thus, 

Thus, by the above claim, there are g,h e AfXi, . . . , Xnj with / = f^Y^g + X^h. 
Therefore, f & (fy^). 
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(4) The decomposition 

jeSupp(/) 

is obvious because 

R/{x,, t-y') ~ AIX,, . . . , ^, . . . , X„, Y]/{t-Y'). 

We need to show that {xi,t°-) and (x^, y^'""'^) are primary ideals and (xi, t°-) = 
{xi,t) and (xj, J/j ^"'^) = i^iTl/j)- Let us see the fohowing claim: 
Claim 6.3.2. Let C be a noetherian ring. If C satisfies the property: 

xy — and y ^ -v/O a; = 0, 

then C|r] /loZds f/ie same property and ^J^clTl = V Oc |T] . 

TV 

Since C is noetherian, there is a positive integer iV such that vOc = 0. Thus, 
it is easy to see that yj^cfri = -s/OclT"]- We assume that fg = and g ^ i/Ocpl- 
We set g — J2i 9iT^- If «i ^ \/0c for all i, then 5 G ^Oc[t]- Thus, there is i such 
that gi ^ ^/Oc and go, ... , gi^i G \/0c- Here we set gi = go + ■ ■ ■ + gi-iT'^^. Then 
g ^ gi+ r*52 and ^2(0) ^ %/Oc- Note that 

Hence, fg2 = 0. By this observation, we may assume that go ^ \/0c- We set 
/ = Then, /g = fogo + - • • = 0. Thus, /o = 0. Hence fg = figoT+- • • = 0. 

Therefore, /i = 0. In the same way, we can see fi = for all i. 

First of all, 

R/{x,,t-) = {A/t''A)lXu...X,---,Xi,Yl 
Thus, by the previous claim, {xi, i") is a primary ideal and 



x/0«/(..,t") = {tA/t-A)lXi,...,X,,...,Xi,Yl 
i.e., -y/ (xi, t") = {xi,t). Moreover, if I{j) ^ 0, then 

R/{x,, yf ■'■)) = AIX,, ...X,---,Xi, Yj/iY^'^'^). 

Therefore, (x^, y^ ''"''') is a primary and ^ (xi, yj *•"'■') = (x^, y^). 

(5) First, we assume that A is complete. Let tt : ^l^'^, F] — > i? be the canonical 
homomorphism. Here we consider F = {C G | Supp(A) % Supp(C)}. Then, by 
Lemma 11.1.21 the map 

J2 ac^oX^Y^ I ac,D e a\ ^ R 

is bijective. In order to see out assertion, it is sufficient to see that if yj^ di- 
vides yji ■■■yj^_J, then y^^ divides /. We set / = I]cer,DeN" "C',Da;'^y^ and 
V31 ■ ■ ■ Vj.-if = Vja Ecer.ueN" bc^ox^y^. Then, 



EC -D+e,-, ^ hej , \ ^ , C D+e,- 
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Thus, 

in Therefore, if D{ja) = 0, then ac,D = 0. Hence, 

Thus, we get (5) in the case where A is complete. 
In general, let A be the completion of A. We set 

R' = . . . , Xi, Fi, . . . , YnViX^ - uf'Y''), 

Then, R' is faithfully flat over R' . By the previous observation, 

Therefore, using the faithfully flatness of R' over R, 

Vh ■ ■ ■ VirR = ivh ■ ■ ■ VjrR') nR = {yj,R'n---n yj^R') n R 

= {{yj,R') n i?) n • • • n {{yj^R') nR) = yj,Rn---n yj^R. 

(6) We assume that j ^ Supp(B). Since 

R/{y,) AIX, Yu . ,y„]/(X^ - {u\^^^o)eY% 

this is an integral domain by (1). 

Next we assume that j G Supp(B). Then 

R/{yj) ~ AIX, Y,,...,Yj,..., 

Thus, we get our assertion. □ 

Finally, we consider the following proposition. 

Proposition 6.4. Let (A, tA) be a discrete valuation ring and R an A-algebra. We 

assume that we have two isomorphisms 

ct>:C = . . . . . . , - ^rr^) ^ R 

and 

41 -.0' = AIX[, . . . , X[, Yl, . . . , - uW"') ^ R 

over A, where I > 2, u and u' are units, a is a positive integer. A = (1, . . . , 1) G N' 
and B,B' € N". We denote the class of Xi and the class ofYj in C by Xi and yj 
respectively, and the class of X[ and the class of Y- in C by x[ and y'j respectively. 
We assume that there are subsets T and V of {1, . . . , n} such that Supp(B) C T, 
Supp(i?') C r' and that Iljer' 'l^'iVj) = ^ Yljer 4>iyj) some v G R^ . Then, after 
renumbering Xi, . . . , Xi, Yi, . . . , y„, X[, . . . ,X'i and Y(, . . . , Y^, we have T = F' , 
B = B' and there are families {ui]\^i and {wjljer of R^ such that <j)'{x[) = Ui<p{xi) 
for all i = 1, . . . , ? and i^'iVj) = 'fj't'iyj) for all j G F. 

Proof. By abuse of notation, (t>{xi), 4>{yj), (t>'{x^) and 4>'{y'j) are denoted by a;,, 
yj, x',i and y'j respectively. First, we claim the following: 

Claim 6.4.1. Renumbering Xi, . . . , X; and X[, . . . , X^, there are zi,. . . ,zi G R^ 
and wi,. . . ,wi such that x\ = ZiXi + t^Wi for all i = 1, . . . ,1. 
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By (3) and (4) of Proposition for / = 0, 

in = {xi,nn---nixi,n^{x[,nn- ■■Dixit") 

are primary decompositions with no embedded primes. Thus, renumbering Xi , . . . , Xi 
and X[, . . . , XI, we have ixi,t") — for i — 1, ... ,1. Therefore, there are 

Zi,Wi, z[, R with 

— Xj^Zj^ I i 
X^ — X^Zi ~{~ t 

Thus, Xi = Ziz'^Xi + f^iwiz'i + w[), which imphes that (1 — Ziz'i)Xi = mod tR. If 
Ziz[ G (t, si, . . . , a;;, j/i, . . . , y„), then (1 — Ziz[) G R^ . Thus, Xi = mod tR. This 
is a contradiction because I > 2. Therefore, ZiZ^ E R^ , i.e., Zi,zl E R^ . 

By using (5) and (6) of Proposition 16.31 if we set / = (yi ■ • • y,-) — iv'i ■ ■ ■ y'r'): 
then 

1= n n ixi,yj)n^--nixi,yj) 

= n (y^-)n n {^'i,y-)n---nix[,y'^) 

jer\supp(s') jesupp(s') 
are primary decompositions with no embedded primes. Here we claim the foUowing; 

Claim 6.4.2. (i) iy,) ix'^,,y'^,) for j eT, i' £ {1, . . . ,1} and f eV . More- 
over, iy'j,) ^ ixi,yj) for j' e T' , i £ {1, . . . ,1} and j e T. 

(ii) // ixi,yj) = ix'^, , y'ji), then i = i' , where £ {1, . . . ,1} , j E T and j' £ T' . 

(iii) // ixi, yj) = ix[,yj,) for some j eT and f e P', then ixi,yj) = ix^^yf) 
for all i — 1, ... ,1. 

(i) We assume that iyj) — ix[,,y'^,). Note that x[, — in R/ it,x[, ,y'y). Since 
x'^, = ZiiXii -\-twii, Xi' = in Rjit^x^, ,y'y). On the other hand, Xif 7^ in R/it,yj). 
This is a contradiction. 

(ii) = in R/it, Xi,yj). Thus, in the same way as (i), = in R/it, Xi,yj). 
On the other hand, if i 7^ i' , then x[ in i?/(t, x'^,,y'j,). Thus, i — i' . 

(iii) By using (i), (ii) and the above primary decompositions, we can see (xi, yj) = 
ix'i^y'j,,) for some 1 < j" < r' . Thus, it,xi, . . . ,xi,yj) = it,x[, . . .,x[,y'j„). On the 
other hand, since (a;i,yj) = ix[,yj,), we have (t, xi, . . . , x/, y^) = it,x[, . . .,x[,yj,). 
Therefore, ]' = ]". 

By the above claim, renumbering Yi, . . . , y„ and F/, . . . , F^, we have P = P'. 
Moreover, (y^) = (y^) if j ^ Supp(B) and ixi^yj) = ix[,yj), . . . , ixi,yj) = ix'i,yj) 
if j £ Supp(i3). In particular, iyj) = (y^) for all j e P, namely, there is vj £ R^ 
with y'j = Vjyj. 
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Here, using Claim 1(^4. II 

= {zxxx + t^-wx) ■ ■ ■ (zixi + fwi) 

= zi ■ ■ ■ zixi ■ ■ ■ xi +1"^ WiZi ■ ■ ■ Zi ■ ■ ■ zixi ■ ■ ■ Xi ■ ■ ■ xi + t^'^h 

i 

= t°-zi ■ ■ ■ zi4>{u)y^ + t°' ^ WiZi ■ ■ - Zi - ■ ■ zixi ■ ■ ■ Xi ■ ■ ■ xi + t^°'h 

i 

for some h Cz R. Therefore, we get 

4)'{u )y'^ = zi • • • zi4>{u)y^ + ^ WiZi ■ - -Zi - ■ ■ zixi • • • fi • • • + f^h. 

i 

Hence, since y'j — vjyj for j 

(p\u') i^vf^'^^y'''=zx---zi(p{u)y'' mod (t, Xi, . . . , xz). 

Note that ^ R/{t,xi, . . . ,xi). Thus, B = B' . Therefore, if we set 

J = [f'y^) = {f'y'^'), then, by using (3) and (4) of Proposition O for I ^ B, we 
have two primary decompositions of J: 

J = fl Ux,X)n fl (x„yf«) I = fl ({x'„nn fl {x',,yf'^] 
i=i \ ieSupp(B) / i=i \ jeSupp(B) 

First of all, {xi, t°) = (x-, i"^) for alH = 1, . . . , L Moreover, if {xi,yj) = {x'-, , y'j,) for 
i, i' € {1, ■■•,?} and j, j' G F, then i — i' and j = j' because 

{x'j^ = ZiXi mod tR for i = 1, . . . , ^, 
2/j = for J = 1, ■ ■ • ,7-, 
. . . , x^, . . . , Fl, . . . , Y^, . . . , r„i ~ x,, 
(A/tA)ix;, . . . , . . . , X/, r/, . . . , Y^, . . . , r;j ^ 4, y^.,). 

Therefore, by using the uniqueness of primary decomposition, (xi, yf^''^) — [x'i, y'f^''^) 
for 1 < i < I and j G Supp(i?). Hence 

(x.) = (a;.,iV) = (a:.,t")n fj {x^.,yf^'^) 

jeSupp(s) 

= n fl {x',,yf'^) = [x'^Xv''') = {xd- 

jeSupp(B) 

Thus, there is Ui € R^ with x[ ~ UiXi for i — 1, . . . ,1. □ 

Let us start the proof of Theorem 16. II First, we claim the following: 

Claim 6.4.3. We may assume that A/tA is algebraically closed and there is a fine 
and sharp monoid Q together with a homomorphism ttq : Q — > Ms.s such that the 
induced homomorphism Q — > Ms^s Ms^s is bijective. 
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Let US denote the special point oi S = Spec (A) by s. By ProDOsition l2 . 3 . ll there 
are a local homomorphism / : {A,tA) {A',n) of noetherian local rings and a 
fine and sharp monoid Q together with a homomorphism ttq : Q 



Spec(A'),n 



Ms^s fflyix ^' such that / is flat and quasi-finite and that the induced homomor- 
phism Q -A^spoc(yi').n is bijective. Let P be a minimal prime of A' such that 
Spec(yl'/P) Spec(A) is surjective. Moreover, let Ai be the localization of the 
normalization of A' /P at a closed point. Then, Ai is a discrete valuation ring 
by [HI Theorem 11.7]. Let ti be the uniformizing parameter of Ai. Moreover, 
[HI Theorem 29.1], there is a ring extension A2 of Ai such that {A2,tiA2) is a 
discrete valuation ring and ^2/^1^2 is algebraically closed. Therefore, by (2) of 
Theorem 14.51 we get our claim. 

Let a; be a closed point of X. By the rigidity theorem, it is sufhcient to construct 
a homomorphism in a Zariski neighborhood of x. By the above claim, there are 
fine and sharp monoids P and P' together with homomorphisms irp : P Mx,x, 
Tip, ■.P'^M'^^,f:Q^P and f : Q 



(1) The induced homomorphisms P 

(2) The diagrams 



P' with the following properties: 
> Mx,x and P' — » M x x are bijective. 



Q 



Msrs 

are commutative. 



P 



Mx,: 



Q 



Ms-s 



/' 



P' 



M'x, 



(3) A ®A[Q\ A[P] Ox.x and A ®a[q\ A[P'] Ox.x are smooth. 

First we assume / is smooth at x. Then, P = f{Q) x N"" and P' = f'{Q) x N*" for 
some non- negative integers r and r' . Let Yi, . . . ,Yr and ¥■[,..., Y^, be all irreducible 
elements of N'' and N"" respectively. Since Ox.s is smooth over A (^aiq] ^[P] and 
A 'E)A[Q] ^[P']i adding indeterminates Yr+i, . . . ,Yn and Y^,_^_^, . . . , 1^', we have two 
isomorphisms 



0: Aiyi,...,y„ 



Ox,, and </)':llYi',...,i;:i 



O 



X,x- 



Then, (j)'{Y{) ■ ■ ■ (f>'{Y;,) = v<j>{Yi) ■ ■ ■ </)(!;) for some w € x because B 



B 



Thus, renumbering Yi, . . . ,Yr and Y{, . 



Mx/Ms — 

, Y^i , we have r = r' and there 



are Vi,...,Vr G ^ with 4>'{Y-) = Vi(j){Yi) for all i = 1, 
Artin's approximation theorem (J, we may assume that vi, 
we define 



, r. Note that by 
,vi eO^^. Here, 



H:Px ^ P' X 



to be 



H{{f{q),Y'),u) = {{f'iq)X'),v'u). 
Thus, we get a homomorphism h : Mx,x ~' M'^ ^ such that the following diagram 



is commutative: 



P X Ox.x 

"l 

P' X Ox,x 



Mx,x 



M'x, 
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Therefore, by (1) of Theorem 14. 51 h : Mx,x ~^ M'^ ^ descends to a homomorphism 
Mx M'^ around a Zariski neighborhood of x 

Next we assume that / is not smooth at x. Note that Q ~* P and Q ^ P' have 
semistable structures {a,qo,A,B) and {a' ,q'Q, A' , B'). Clearly, by our assumption, 
qo = qQ. Moreover, we have I = #Supp(A) = # Supp(A') > 2 because I is the 
multiplicity of the special fiber at x. We set 

'Supp(A) = 

^ (7\Supp(A) = {yi,...,r,}, 

' supp(A') = {x(,...,xa, 

y\Supp{A') = {Y(,...,Y;'} 

Moreover, we set /3{qo) = f^u, where /3 : Ms^s is the canonical homomor- 

phism, M is a unit of and a is a positive integer. Then, 

A'' ®A>^[Q\ A^[P] ^ A''[X,Y]/{X^ - ufY'^) 

and 

A^ (Day^q] A^P'] = A''[X', Y']/{X"^ - uf'Y'^'). 

Therefore, adding indeterminates i^r+i, ■ ■ ■ ,Yn and Y^,_^_^, . . . , Y^, we have two iso- 
morphisms 

: C - ...,Xi,Yi,..., Y4/{X^ - uf'Y^) ^ 6x,. 

and 

0' : c = IK, . . . ,x;,y/, . . . ~ uTy'""') ^ dx,. 

over A. We denote the class of Xi and the class of Yj in C by Xi and yj respectively, 
and the class of X- and the class of Y- in C" by x- and y'j respectively. Since 
Bmx/Ms = ^M'^/Msi we can see that (j)'{y'i) ■ ■ ■ (/>'(y^./) = v(l){yi) ■ ■ ■ (j>{yr) for some 
V £ ^. Thus, by Proposition 16.41 after renumbering Xi, . . . ,Xi, Yi, . . . , 1^, 
X[, . . . ,X[ and y/, . . . , i^',, we have r = r' , B = B' and there are families {ui}\^i 
and {vj}'j^i of ^ such that (j)'{x'^) — Ui<j){xi) for all i = 1, . . . , / and 4>'{y'j) = 
Vj(f>{yj) for all j = 1, . . . , r. Note that 

(j>{xi), (pixi), (l){yi), ipiyr), <j)'{x'i), . . . , (j)'{x'i), ip'iy'i), ip'iy'r) G Ox,x 
Thus, using Artin's approximation theorem we may assume that 

On the other hand, 

vf"-^^ ■■■v?'^^\e<t^{y)'' ^ue^p'iyY' ^<t>'{A)---4>'{x'i) 

= -ui • • • ui4){xi) ■ ■ ■ (t){xi) = ui • • • uiut°- (l){y)^ . 

Therefore, mi • • • u; — v^''^^ ■ ■ ■ Vr^^^ because ut°'(f>{y)^ is a regular element. Hence, 
we can define 

H--P^ Ol, ^ P' X Ol, 
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to be 



{HiX,,l) = iXl,u,) 1=1, 
H{Y,A) = {Y;,v,) j = l, 
Hif{q),l) = if'{q),l) qeQ 



.,1, 



[Hil,u) = {l,u) 



X.: 



We need to see that this is well-defined. Indeed, 
H{X^---Xul) = {X[---X[,u^---ui) 

= (/'(<zo)-r'f(^^ 



^,B(r) B(l) 



= H{f{qo)-Yf'^'^---Y,^<^^\l). 

M'j^ J such that the following diagram 

h 



Thus, we get a homomorphism h : Mx,x 
is commutative: 



H 

P' X Ox^x - 

This descends to a homomorphism Mx 
a; by (1) of Theorem 1131 



M'x, 



M'x around a Zariski neighborhood of 



□ 



7. Semistable schemes of log canonical type 

7.1. Moderate semistable schemes. Let f : X ~* S he a. semistable scheme 
over a locally noetherian scheme S. For x £ X and s = /(a;), we say / is moderate 
at X if there are a smooth Os^g-algebra B and Xi, . . . , X„, G E B with the following 
properties: 

(1) dXi, . . . , dXn form a free basis of Hb /Os s ^^'^ ^ ^ "m-s^sB. 

(2) There is an etale neighborhood {U, x') of X at a; together with an etale 
morphism p : U ^ Spec(S/(Xi • • • X/ - G)). 

(3) dG e BdXi+i + • • • + BdXn- 

Note that if / is smooth at x, then / is moderate at x. 
First, let us see the following proposition. 

Proposition 7.1.1. Let (A,mA) be a noetherian ring such that A/niA is alge- 
braically closed. Let X Spec(^) be a semistable scheme over A. 

(1) We assume that {A,mA) is a discrete valuation ring with a uniformizing 
parameter t. For a closed point x € X, ifOx.x is regular, then f is moderate 
at X. 

(2) // (A, toa) is complete and dim/ = 1, then f is moderate at any closed 
point of X . 

Proof. (1) By Proposition 11.2.21 there is a surjective homomorphism 

AiXi,...,x4^dx.x 

with Ker(0) = {Xi ■ ■ ■ Xi - G) for some G G tAfXi, . . . ,X„]. Here we set / = 
(Xi ■ ■ ■ Xi~G), M = (t,Xi, . . . ,Xn) and G = X^jeN" aj^^ ■ We assume a(o_...^o) G 
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t^AlXi,...,Xnj. Then, since G - a(o,...,o) e AP, G e AP. Thus, / C M^. 
Therefore, 

mx,./mj, ^ ~ M/{I + AP) = AI/Ai^. 
This contradicts to the assumption that Ox.x is regular. Hence 

«(o,...,o) e . . . ,X„1 \ . . . , X„]. 

Thus, there is m G • ■ • j-'S^n]^ with G = t ■ u. Therefore, replacing Xi by 

u~^Xi, we may take G as t. Hence, by Proposition 11.1.41 / is moderate at x. 

(2) By Proposition II. 2. 21 there is a surjcctivc homomorphism 

<t>:AlXuX2}^dx,x 

with Ker(0) = {X1X2 - G) for some G G mA[Xi,X4. We denote (j){Xi), ^(Xa) 
and (/'(G) by xi, X2 and 5. Here we claim the following: 

Claim 7.1.1.1. There are sequences {/in}^i, {h'n\^=i o,nd {an\^=i with the fol- 
lowing properties: 

(a) km h'^ £ m\Ox.x for all n>l. 

(b) a„ G for all n > I. 

(c) (2:1 + ELi ^0 (^2 + Er=i - ELi G /or an n > 1. 
First g can be written as a form g = ai ~ xih'i — X2hi with oi G rriA and 

G toaCx,x- Then, 

(xi + /ii)(a:;2 + h[) - ai = /ii/i'i G TO^C^.a;- 

We assume that {hi, . . . , hn}, {h'l, . . . , /i^} and {ai, . . . , a„} have been constructed. 
Then, we set 

Cn \ / n \ n 

xi + ^ /ij I I a;2 + ^ /i- j - ^ fli = a„+i - Xlhl^_^_^ - a;2/i„+i, 
i=l / \ i=l I i=\ 

where /i„_|_i, G ra^A^Ox,x and a„+i G rn^^. Then 

/ n+1 \ / n+1 \ n+1 

lxi + ^hi\ a;2 + ^ ft.- j - ^ ai = 

\ i=l / \ i=l / i=l 

n n 

1=1 i=l 

Thus, we get the claim. 

Here we set h — X^i^i ^^"^ ^' = YlTLi ^'i in C'x.x, and a — o-i in A. 

Then 

a = (xi + /i)(a:2 + h') 
h, h' G mAOx.x and a G m^i. 
Let us take H,H' G mA[^i,^2] such that = h and = /i'. Then, 

c^{{Xi+H){X2 + H')-a)=Q. 
Hence, by Lemma [1.1.21 and Lemma Fl. 1.61 we can see that 
Ker(0) = ((Xi + H)[X2 + H') - a). 
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Therefore, replacing Xi hy Xi + H and X2 by X2 + H' , we may assume G G toa- 
Thus, by Proposition 1 1 . 1 . 4l / is moderate at x. □ 

Remark 7.1.2. Let f : X ^ S he a semistable scheme over a locahy noetherian 
scheme S. Let Mx and Ms be fine log structures on X and S respectively. We 
assume that f : X S extends to an integral and log smooth morphism (/, h) : 
{X, Mx) {S, Ms). Let x € X and s = f{x). If there are a fine and sharp monoid 
Q and a homomorphism ttq Ms^s such that Q Ms^s ^ Ms.s is bijective, 
then / is moderate at x. 

Indeed, there is a fine and sharp monoid P together with homomorphisms ttp : 
P Mx,x and Q ^ P such that P Mx,x Mx,x is bijective and the diagram 

g > P 



Ms,-s Mx,x 

is commutative. Then, 

Os.rs®OsAQ] OsAP]^Ox,x 
is smooth. If / is smooth at x, then the assertion is obvious, so that we assume 
that / is not smooth at x. 

In the case where Q P splits, P ~ Q x and N is isomorphic to the monoid 
arising from the monomials of Z[[/, — V"^) by the local structure theorem 

(cf. Theorem EHH). Thus, 

<'^srs<^OsAQ] '■^sAP] - Os,s[U.V\/{U'' - V^) ~ 05,.-[^i, ^2]/(^i^2) 
because 2 is invertible in Os.s- This means that / is moderate at x. 

In the case where Q P does not split, P has a semistable structure (cr, qo, A, B) 
over Q by the local structure theorem. Here a is the set of all irreducible elements of 
P not coming from Q, qo G Q, and A,B eN". We set a = {Xi, . . . , X;, Yi, . . . , i;} 
such that Supp(A) = {-'^i, • . • , Xi} and Supp(i3) C {Yi, . . . , Yr}. Moreover, we set 
bj = B{Yj) for all j and t — Q!(7rQ((7o)), where a : Ms^s — > Os.s is the canonical 
homomorphism. Then, 

<^s..s (^OsAQ] '^s.AP] - OsAXu ...,Xi,Y,,...,Yr]/iXi---Xi-tY^' ■■■ F^). 

Therefore, / is moderate at x. 

Next we consider the following proposition. 

Proposition 7.1.3. Let {A,tA) be a complete discrete valuation ring such that 
A/tA is algebraically closed. Let f : X ^ S ^ Spec(A) be a semistable scheme over 
S. We assume that X S is moderate at any closed point of X. Let n : Y ^ X 
be a generically etale morphism over S such that fi is Stale in the generic fiber and 
/ o /i is smooth. Then, there is the canonical homomorphism ^*{ljx/s) ^ ^Y/S- 

Proof. Let be the locus of points over which /i is etale. We set Fq — /^~^(-^o)- 
Then, there is the canonical homomorphism 

so that we need to show that olq extends to a : ^,*{ujx/a) ~^ ^y/a- Note that the 
extension is uniquely determined if it exists. 
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Claim 7.1.3.1. Let {tt^ : Yi — + Y}i be a family of Stale morphisms with codim(y \ 
lJj7ri(Ki)) > 2. // the assertion holds for each /x o tt^ : Yi —t X for all i, then so 
does for fi : Y ^ X . 

We assume that there is the canonical homomorphism 

tti : o TTi)*{uJx/A) '^Y.IA- 

for each i. Using the uniqueness of the extension and descent theory, we have 
a! : fj,* {uix/a)\y' ~^ ^y/a\y'^ where Y' = Llini{Yi). Here Y is normal. Thus, we 
obtain the extension a : fi*{uJx/A) ~^ ^y/a- 

By the above claim, we may assume that the central fiber oi f o fi is irreducible. 
Let 7 be the generic point of the central fiber. We set S — IJ.{'^). Let us choose a 
closed point x E {S}. Then there are a smooth A-algebra B and Ti, . . . , T„, G E B 
with the following properties: 

(1) dTi, . . . , dTn form a free basis of ^Ib/a and G £ tB. 

(2) There is an etale neighborhood tt : {U, x') — > X at a; together with an etale 
morphism p : U ^ Spec(B/(Ti • • • - G)). 

(3) dG e BdTi+i + ■■■ + BdT^. 

Since U Xx Y is an etale neighborhood of 7, by the previous claim again, we 
may assume that U — X and x' — x. Let s be a uniformizing parameter of a 
discrete valuation ring Oy,-y. Then, we can set iJ*{ti) = s^'u; (u; e C'y^) for each 

i = 1, . . . , ^, where ti is the class of Ti in B. Then, there is a Zariski open set V of {7} 
such that Ui e Oyy for all y € and alH = 1, . . . , L Let c : /\"~^ ^uiA ~^ ^u/a 
be the canonical homomorphism and loq a basis of Ldjj as in Lemma 15.21 Then, 
by using Lemma [5. 21 

c{dt2 A • • • A dtn) — t2- ■ - ti • Wo- 

On the other hand, 

fi*{dti) = s^'dui 

for alH = 1, . . . , L Thus, 

U2---ur n*{dt2 /\ ■ ■ ■ /\dtn) ^ n* {t2 ■ ■ ■ ti) ■ du2 /\ ■ ■ ■ Adui A dp*{ti+i) A • • -Adfi^tn). 
Therefore, 

dui dui , ^ , , , / , 

/X* cjo = — A • • • A — A dp*{ti+,) A • • • A d^l*{tn) 

Ui Ul 

on V. Thus, we get our proposition. □ 

Corollary 7.1.4. Let {A,tA) be a discrete valuation ring and f : X —t S = 
Spec(A) a semistable scheme over S. Let Mx and A/5 be log structures of X and 
S. We assume that f extends to a smooth and integral homomorphism {X, Mx) — > 
{S,Ms). Let fj, : Y —f X be a generically etale morphism over S such that fi is 
etale on the generic fiber and f o ^ : Y ^ S is smooth. Then, there is the canonical 
homomorphism fi*{LUx/s) ~* ^Y/S- 



Proof. By Proposition l2 . '6 . ll and Remark [7.1.2l it is sufficient to see the following 
lemma. □ 
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Lemma 7.1.5. Let f : X ^ S and g : Y ^ S be semistable schemes over a locally 
noetherian scheme S , and (j) : X Y be a morphism over S . Let Yq be the set of 
all points y &Y such that g is smooth at y, and let Xq = <j3~^{YQ) and (f)Q = 't'lxo' 
Let TT : S' S be a faithfully flat and quasi-compact morphism of locally noetherian 
schemes. We set X' ^ X xs S' , X'^ = Xo xg S' , Y' ^Y Xg S' , Yg' = Y Xg S' 
(f)' — (f) X s ids' and (f)'o — (f>'\x' ■ If there is a homomorphism cj)'* (ouy' /s') ^ ^X' /S' 
as an extension of the canonical homomorphism (fi'^* {ujy^js') ~^ ^xiJS'j then it 
descents to (f>*{ojY/s) ~^ ^x/s- 

Proof. Note that if we have an extension <j)*{ujY/s) ~* ^x/s of the canonical 
homomorphism (jy^iwy^ / s) — + ^Xo/S^ then it is uniquely determined. Thus, our 
lemma is a consequence of the standard descent theory. □ 



7.2. Semistable schemes of log canonical type and automorphisms. Let 

{A,tA) be a discrete valuation ring. Let f : X ^ Spec (A) be a semistable scheme 
over A. We assume that / is generically smooth, that is, smooth over the generic 
point of Spec(^). Note that X is normal by using Serre's criterion. Let fj, : Y ^ 
X be a birational morphism of normal schemes over Spec(A) such that / o /i is 
smooth over Spec(^) and is an isomorphism on the generic fibers. Let be the 
set of irreducible components of the special fiber oi f o fx such that ^(F) has the 
codimension greater than or equal to 2 in X. Then, there is an integer ar for each 

r e with 

reA^ 

This Or is denoted by dr{fJ,). Let B be an effective Cartier divisor on X. The pair 
{X, B) is said to be of log canonical type if, for any birational morphism /i : 1" — > X 
of normal schemes over Spec(A) such that f o fj, is smooth over Spec(^) and fj, is 
an isomorphism on the generic fibers, dr(M) ^ ordr(/i*(i?)) for all F G A^. 

A moderate semistable scheme is of log canonical, namely, we have the following: 

Proposition 7.2.1. Let f : X ^ Spec{A) be the same as above. If there is a 
local flat homomorphism {A,tA) — > (A',t'A') of discrete valuation rings such that 
^ XSpec(y4) Spec(v4.') Spec(^') is moderate at any closed points, then (^,0) is of 
log canonical. 

Proof. This is a consequence of Froposition lT. 1 .31 and Lemma [7.1.51 □ 
Here we consider the following lemma. 

Lemma 7.2.2. Let {A,tA) be a discrete valuation ring. Let f : X ^ Spec(A) 
and f : X' Spec(^) be proper and generically smooth semistable schemes over 
Spec(v4), and let B and B' be horizontal effective Cartier divisors on X and X' 
respectively. Let (p : X X' be a birational map over Spec(A) such that it is an 
isomorphism on the generic fibers X^j and X^ and that (j)*(B'^) = i?^. Let Y be the 
normalization of the closure of the graph of 4> and let /i : Y X and ^' :Y ^ X' 
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be the canonical morphisms. We set g — f°l^ — f'°^i' as the following diagram: 

Y 




Spec(i?) 

Let A be the set of irreducible components of the special fiber of g. Let us set Aq, 
Ai and A2 as follows: 

'Ai = {r e A I codim(/x(r)) > 2}, 
< A2 = {r e A I codim(/i'(r)) > 2}, 
_Ao = AinA2. 

Then, we have the following: 

(1) // we set Y' = Y \ IJreAo ^' ^'^'^^^ '^'^ open set Yq ofY' such that 
codim(F' \Yo) >2 and g is smooth on Yq. 

(2) We assume the following: 

d^{^i\YJ > OId^{{^i\rJ*m V T e Ai \ Aq, 
rfr(M'lvo) ^ ordr((/x'|yo)*(^')) V T e A2 \ Aq. 
Then, the isomorphism 

on the generic fibers gives rise to the isomorphism 

H\X',n{u;x'/A + B')) ^ H\X,n{^x/A + B)) 
for all n > 0. 

Proof. (1) Let F e A \ Aq and 7 the generic point of T. Then, by Zariski's 
main theorem, either ji or ji' is an isomorphism at 7. Therefore, g is smooth at 7. 
Thus, the assertion of (1) is obvious. 

(2) For simpUcity, /ily-^.^ and /i'ly^ are denoted by /io and h'q respectively. Let By 
be the Zariski closure of {ijlq)*^{B^) = {ij,q)*{B'^). Then, 

^i*o{B) = By+ J2 "rF and ii'l{B') = By + '^rr. 

r6Ai\Ao reAaXAo 

Moreover, we set 

'^Yo/A = IJ-o{^x/a) + ^tF and ojy^/A = IJ-o* i^x' /a) + XI ^rr. 

reAi\Ao reA2\Ao 

Therefore, 

i^Yo/A + By = i4{ujx/a + B)+ EreAi\Ao(«r - ^r)F 
(^Yo/A + By= n'o*{uJx'/A + B') + EreA2\Ao(«r - ^'r)r- 
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Note that ar - 6r > for T e Ai \ Aq and aj. - 6^. > for T e A2 \ Aq. Therefore, 
we have the natural injection 

H'^iX, n{oJx/A + B)) ^ H\Yo,n{'^Yo/A + By)) 

I Fo \ U r, n{iOY,,A + By) 

\ r6A2\Ao 

= if°(ro\ U ^, ntx'o*{ux'/A+B') 

Here there are open sets U of ^o\UreA2\Ao ^ ^ of X' such that ji'^ induces the 
isomorphism U V and codim(X' \ V) >2. Therefore, we obtain the injection 

H^{X, n{u>x/A + B)) H^{V, n{u>x'/A + B')). 
Moreover, since codim(X' \ V)>2, the natural map 

H\X', n{wx'iA + B')) ^ niuJx'iA + B')) 

is an isomorphism. Hence, by the above observation, we can see that, for every 
n > 0, there is an injective homomorphism 

a : H\X, n{u:x/A + B)) ^ H\X' , n{oJx'/A + B')) 
such that the following diagram is commutative: 

H\X, n{ux/A + B))^ ^ H\X', n{wx'/A + B')) 



H°{Xr„ n{wx,/K + Br,)) ^ H\X^,n{^x'jK + B'^)). 

(</>,, ) 

In the same way, we have also an injective homomorphism 

/3 : H\X', niuJx'iA + B')) ^ H"{X, niuJx/A + B)) 
for all n > with the following commutative diagram: 

H%X', n{u;x'/A + B') y ^ > H%X, n{u:x/A + B j) 



n{uJx;,/K + B'^)) H%Xr„n{u;xjK + B^,)). 

Thus, for A e H°{X,n{u)x/A + B)), A and (3{a{X)) gives rise to the same element 

in H'^{X.ri,n{uJXn/K + -B?;))- Therefore, \ = o q{\), which means /? o a = id. In 
the same way, we can see that a o /3 = id. Hence, we get our assertion. □ 

Theorem 7.2.3. Let (A, tA) he a discrete valuation ring, f : X ^ Spec(A) and 
f : X' ^ Spec(A) proper and generically smooth semistable schemes over Spec(A), 
and B and B' horizontal effective Cartier divisors on X and X' respectively. Let 
(f> : X X' be a birational map over Spec(A) such that it is an isomorphism on 
the generic fibers X^, and X'^ and that 4>^{B'^) = S^. We assume that {X,B) and 
{X', B') are of log canonical type. Then, we have the following: 
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(1) Then, for all n > 0, there is the isomorphism 

0* : H°{X\ n{u;x'/A + B')) ^ H\X, n{ujx/A + B)) 
such that the following diagram is commutative: 

H^X', niu;x'/A + B')) H°{X, nitox/A + B)) 

rs 9 (-1 



H°{X'^,n{u;x;^/K + B'^)) H°{X^^,n{L,xjK + B^)). 

(2) If LOx/A + B and lox' /a + B' are ample with respect to f and f, then (j) 
extends to an isomorphism. 

Proof. (1) is an immediate corollary of Lemma 17.2.21 Let us consider (2). 
Since lox/a + B and ux' /a + B' are ample, there is a positive integer n such that 
n{uJx/A + B) and n(ujx' /a + B') are very ample. Moreover, by (1), we have the 
following commutative diagram: 

X^ Proj (e„>o Sym™(i/0(X, n{ujx/A + B)Y)) 

X< Proj (e„>„ Sym"(i/0(X', n{u,x'/A + B')Y)) . 

Thus, (j) must be an isomorphism. □ 
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